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No Restric:ions 

Chi-square tests in a 2x2 matr ix  are ,  perhaps,  too rout inely applied.  The i r  
t echnica l  simplicity fac i l i t a tes  conceptual abuse by pracTitioners unfami l ia r  w i th  
rhe  test's underlying constraints.  This report  reviews proper appl ica t ion  of t h e  
chi-square test in a 2x2 table ,  c i t e s  a condition in which a 2 x 2 ~ 2  table m a y  b e  
more appropriate ,  and suggests an  option avai lable  when cells in such t a b l e s  a r e  
empty. 
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New Je r sey  Depar tmen t  of Transportation or the  Federal  
Highway Administration. This report  does not  cons t i tu te  
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Barros 

CONCEPTS, APPLICATIONS, AND hlIS.4PPLICATIONS O F  THE CHI-SQUARE STATISTIC 

INTRODUCTION 

An engineer is interested to  know whether  a spec i f ic  t r a f f i c  maneuver  is 

associated with accidents. The engineer real izes  t h a t  site cha rac t e r i s t i c s  a t  

various intersections differ  and recognizes t h a t  some f o r m  of cont ro l  will b e  

necessary t o  screen  these e f f e c t s  f rom this analysis. Histor ical  acc iden t  data is 

gathered for two groups each  of 50 intersect ions represent ing  t h e  o n e  year  

period immediately preceding the  experiment 's  start. T h e  exper imenta l  

maneuver is allowed at al l  test s i tes  and these  s i tes  are posted accordingly. 

Signs prohibiting t h e  maneuver a r e  posted at all control  sites. Accident  counts  

a r e  then recorded during the ensuing year and the  d a t a  tabula ted  as shown 

below. 

TABLE 1. A FOURFOLD CONTINGENCY TABLE 

ACCIDENT COUNT 

MANEUVER MANEUVER 
PERIOD AL LO U' ED PROHIBITED 

BEFORE 16 20 

AFTER 41 23 

A quick r e fe rence  t o  an elementary s ta t i s t ica l  t e x t  ident i f ies  th: 1s as a 

fourfold (2x2) contingency table  and indicates  t ha t  data t h u s  tabula ted  is 

corn rnonly eva!uated using the  chi-square d isz ibut ion  with o n e  degree  of 

f reedom. The chi-square s ta t i s t ic  is computed using Equation (1) and compared  

;o ;5e tabulated va!ue a s s o c r z x i  w i t h  an a?pro?riate  level  of risk, say 
9 
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I t  should be  noted t h a t ,  in p iac t ice ,  Equation (2) provides  a m o r e  

convenient  var iant  to calculate  the chi-square s ta t i s t ic  in fourfold cont ingency  

tables. 

2 2 (a+b+c+d)(ad-Sc) x =  
(a+b)(c+d)(a-c)(b+d) 

The variables a, b, c, and d a r e  simply the  observed f requencies  in e a c h  of t h e  

cells in the  2x2 matr ix  of Table  1. In designating these variables, it is i m p o r t a n t  

only t h a t  values a and d lie on t h e  same diagonal. 

Either of two practical outcomes may resul t  from subs t i tu t ing  t h e  observed  

If t he  X2 s t a t i s t i c  w e r e  to  p roduce  a acc ident  f requencies  into Eqmt ion  (2). 

value whose magnitude is gree te r  than 3%1, t hen  the engineer  conc!udes t h a t ,  

with 95% confidence, accidents  a re  in some way associated w i t h  t h e  t r a f f i c  

maneuver and the maneuver is consequently prohibited at all in te rsec t ions .  

Alternatively, if t h e  X s ta t i s t ic  is nonsignificant, the  engineer  concludes  t h a t  2 

t h e  t r a f f i c  maneuver is safe and a!lows it universally. 

Regardless of which ac t ion  is t aken ,  this  engineer has  joined t h e  l a rge  

group of unsuspecting researchers  who have misapplied a s t a t i s t i ca l  test. T h e  

logical e r r o x ,  which msy not  be i n x e d i a t e l y  apparent ,  will b e c o m e  more  

obviods if the  possible tes ts  which could have been construed appropr i a t e  a r e  

identified. 
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FOURFOLD CONTINGENCY TABLE ANALYSES 

When da ta  can  be categorized in one  of t w o  ways in acco rdance  w i t h  e a c h  

of two cr i ter ia ,  a fourfold contingency table results. The t h r e e  basic chi-square 

analyses appropriate to 2x2 contingency tables (L) a r e  presented  in Tab le  2 and  

examples  of their  use a r e  presented in Table 3. Each of t h e  presented  ana lyses  

embodies a subtle distinction, however, predominantly re f lec t ing  t h e  manner  in 

which the  da ta  was collected. These distinctions may, in turn ,  nar row t h e  

selection of hypotheses which can be tested. I t  wiI1 be shown t h a t  t h e  design 

assumptions prerequisite to the  performance of any of t h e s e  t h r e e  ana lyses  have  

not  been satisfied by the  hypothetical experiment previously descr ibed  and,  

consequently, t h e  engineer's s ta t is t ical  analysis supports  ne i ther  of t h e  con- 

clusions previously suggested. 

Of the th ree  experimental designs presented in Table  2, i t  is immedia te ly  

c lear  t h s t  assumptions 84 and C3 a re  not  met  by the  manner  in which t h e  d a t a  

was collected. Assumption C 3  would require t h a t  a fixed number of acc iden t s  be  

submit ted to  this test and, of these, a predetermined number a r e  to  have 

occurred in each category for  the Time and Maneuver c lassi f icat ions.  In fact, 

t h e  number of accidents in each  row and column a r e  t h e  resul t  of a random 

phenomenon and not fixed. Assumption B4 is similarly no t  met .  B4 would have 

required tha t  a fixed number of accidents  be considered f rom bo th  t h e  Before  

and Af ter  periods when, in practice, the actual number of acc iden t s  t he re in  were  

o5viously unfixed variables. 

The possihle hypotheses to be tested are therefore  l imited by t h e  manner  in 

which the &ta was collected to  that of analysis A. The unique hypothesis t e s t ed  

by analysis .A is tha t  o i  complete  inaepencexe .  Thus any  finding of s t a t i s t i ca l  

s-z-,izicance here  stops short of trmslating I i i s  inference t o  the spec i f ic  e f fecr  . . r .  



TADLE 2. DESIGN STI<UCTUlIE OF 2x2 ClHI-SQUAI<E CONTINGENCY TADLE ANALYSIS 

POSSII3LE NULI. 
HY I’OTI-1ESES 
TO IJE TESTED 

1’0 I J I <  FO L I3 
A N  A L YSIS 

A 

c I )  
C2) 

c3) 

I ~ I ~ Q I J I S I T E  ASSUMPTIONS 

The  sarnplc o€ N observations constitutes a random 
sa inple. 
Ilncli ohscrvation may bc classified i i i lo exactly OIIC 
o l  two cntcgorics according to a first criterion m d  
exactly one of two categories according to a second 
c r  itcr ion. 
I \ o l l ~  row ;inti coluinn totals x c  rnntloiii. 

c u  
(u 
-5 
7 
0 
II) 

I h A i  sainplc is a random sample. 
l’lw oil tcoinc of tlw variorls s,iinplcs arc i~irrt i inl ly iiitlcl)cntl(w t .  
l:*i(-l~ olxxv-va tion m a y  Ix classilicd inlo cunctly oriv 
ol  two column criteria. 
Row totals are fixed and column totals are random. 

I 
t .  
I 

11.~11 oIx,vrvci tioii is classilicd into cx;ic t ly  oiic ccll. 
Eacli oi,scxvntion is n rnritlorn snrnplc and has tlic sniric 
probability of being classified into cell (i,j) as any other 
observation. 
13oth row a i d  column totals are fixed, not raiidutn. 

Note: The hypothesis of indcpcndence is that the row classification is independent of the column classification. 
7’hc Iiypotliesis of equal probabilities is that all probabilities in the same column are equal to each other. 
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0: an individual row or column. In other words, in t he  con tex t  of t h e  e x a m p l e s  in 

Tzble 3,  a significant resul t  in Analysis A may simply ind ica t e  t h a t  m o r e  black 

cracked marbles a r e  to  be found in the  population at large,  but  n o t  necessar i ly  

t h a t  black marbles crack more easily. 

Furthermore,  the experimental  da t a  col lected by t h e  engineer  has  been  

mlsrepresented by t h e  contingency table  he has cons t ruc ted  (Table  1). The  

ex?erimental  maneuver is never allowed under t h e  Before condi t ion.  T h e  u??er 

left cell in t h e  contingency table  of Table 1 is a priori zero- This is r e f e r r e d  t o  

in t h e  l i i e ra ture  as a s t ruc tura l  z e r o  (2, p. 108). Analyses of cont ingency tables 

which contain s t ruc tura l  zeros  requires procedures  slightly more  complex  t h a n  

:hs.e commonly ci ted in introductory s ta t i s t ica l  t ex t s  and ,  in t h e  case of a 

foyrfold table,  is not  possible a s  t h e  resultan? degrees  of f r eedom is zero.  

At this point i t  should be emphasized tha t  no s tance  has been  t aken  as t o  

w5ether the  engineer was in fact cor rec t  or not  in implement ing  t h e  t r a i f i c  

restrictions.  Rather ,  t he  point made is t h a t  the  analysis pe r fo rmed  tc, suppor t  

his a c t i o x  violates fundamental  assumptions and potent ia l ly  provides  i n c o r r e c t  

su:?ort f a r  any subsequen: conclusions. Specifically,  (a) t h e  expe r imen ta l  des ign  

gsed incorporates  a s t ruc tura l  ze ro  which has n o t  been recognized by :he 

ca!c*!lations performed, ( 5 )  t he  finding of s ta t is t ic31 s igni f icance  does  n o t  

in-licate thEt t h e  experimental  maneuver is e i ther  more  or  less dangerous,  a n d  (c) 

an unwarranted sense of security may have Seen confer red  by t h e  process  of 

c m d ~ ~ c t i ~ p  a s ta t i s t ica l  tes;. 
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THE CHI-SQUARE STATISTIC AND HYPOTHESIS TESTS 

Visual observation of t h e  da ta  in Table 1 suggests t h a t  acc iden t  f r equenc ie s  

a r e  dramatically associated with the  maneuver in question. The lower  l e f t  

quadrant  exhibits what  appears  t o  5- a disproportionately large increase  in 

acc ident  frequency. (This is, in fac t ,  a n  accura te  assessment as this  s imula ted  

da ta  was produced with a Poisson rand3m generator  in which t h e  mean a c c i d e n t  

f requency more than doubled when t h e  maneuver was allowed.) However, o n e  

can only reach such a conclusion if the appropriate  s ta t i s t ica l  analysis  is 

performed and the  computed test s t a t i s t i c  produces a significant result. 

Assume, fo r  t h e  moment, that  t h e  problem of a s t ruc tura l  zero may be 

ignored. The chi-square s ta t i s t ic  is t o  be applied to the  d a t a  in Table I i n  

accordance with the  most appropriate of the analyses listed in Table  2. 

Note tha t  both row and coIlL-nn to ta l s  must be considered random 

quant i t ies  -- they were  not fixed prior t o  the experiment 's  start -- and t h a t  t h i s  

fourfold tab le  meets  only the  requirernents for  analysis A in Table 2. Thus, t h e  

only hypothesis which can be tes ted is :hat shown below. 

Ho: Accident frequencies a re  independent of t h e  T i m e  and 

Maneuver category under which they may  be classified. 

Ho is to  be accepted unless ?he comFuted Y2 s ta t i s t ic  exceeds  a 

predetermined cr i t i ca l  value. Otherwis-, o x  ZcceFts t h z  a l te rna t ive  hypothesis, 

HA,  as follows: 

ki,4: Accident f requencies  a re  ac: i n t q x n l m ;  of Time and Llaneuver. 
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Perhaps surprisingly, a t  :he 5 ?ercent  level of risk, r*m observed a c c i d e n t  

counts  in this example a r e  not sxfficiently unusual t o  w a r r a n t  t h e  re jec t ion  of  

t h e  null hypothesis and a subs tmt la l  increase in acc ident  po ten t i a l  has  passed 

undetected.  Computer  simulation tests indicate  i t  would p a s s  unde tec t ed  

somewhat  more than 50 percent  of the t ime.  Protect ion aga ins t  this undesirable  

resul t  requires  t h a t  additional information be incorporated into The s t a t i s t i c a l  

t e s t .  

A brief description of the na:hernatica! model used to gene ra t e  the above  

acc ident  d a t a  will quickly revez! :3e primary f law in t h e  preceding analysis.  

Observed accident  counts  were mckeled with a Poisson random g e n e r a t o r  sub jec t  

t o  t h e  following constraints.  C m t r o l  s i t e s  sustained 100,000 exposures ,  i.e., 

100,000 vehicles passed Through These s i tes  during t h e  Before  t i m e  period. Tes t  

s i tes  sustained 80,000 exposures dliring t h e  same period. Due t o  ex t r aneous  

f ac to r s  intentionally included in 5 j  particular simulation test, t h e  exposure  a t  

t h e  cont ro l  s i tes  increased by 15 percent  by the  end  of t h e  Af te r  t i m e  per iod,  

while t h e  corresponding increase as the  test s i tes  was only 2 percen t .  Con t ro l  

and t e s t  s i tes  were  similar in 211 a tker  respec:s. The  probabili ty of an a c c i d e n t  

was fixed a t  1 in 5000 exposures ii the maneuver was prohibited 2nd 1 in  2030 

exposures if t he  maneuver was al!os.ed. This resulted in a model i n  which t h e  

acc ident  f r e q u e x i e s  in each  qua+rEx of a 2 x 2 t ab le  had Poisson means  of 23, 

40.8, 20, and 16. U'hile this  2 x 2 z b l e  ~r.3)' accurately reflect t h e  cons t r a in t s  

under which i t  \;'as c rea ted ,  it is c:?arly insensit ive to  t h e  varying exposure  and 

i t s  chi-square ss5;istic cannot  es:i-.?te accident  probLbiiities, as demons t r a t ed  

by t h e  s ta t is t ic ' s  inability ta  re jecr  :'-.e null hy?othesis. 

Addition c i  another layer r 3  :-.is tabie ,  reflecting a l l  non-accidents  v:hich 

a h  occurred,  till remedy this p r z - t r n .  I n t  revis?? contingency :able now has 

dimensions 2 s S s 2. This e r cp~nc ; .~  Ta t r ix  is sho\vn in f i gu re  i3. hp2l icz t ion  of  

-. . .  

. .  
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the  a p r o p r i a t e  chi-square s t a t i s t i c  -- a m3re sophisticated var ian t  of Equat ion 

( I ) ,  but  still ignoring t h e  s t ruc tura l  zero  -- reverses  the previous conclusion and 

cor rec t ly  r e j e c z  the  hypothesis of independence (2). 

CONT!NGENCY TABLES WITH STRUCTURAL ZEROS 

Structura: zeros  a r e  defined a s  those cells in a contingency t a b l e  f o r  which 

the  expected m d  observed frequencies  a r e  a priori zero. In the  c o n t e x t  of the  

preceding example, t h e  Before and t h e  Allowed headings are indices of a 

s t ruc tura l  zero. This is because the maneuver was  never Allowed during the  

Before condition. Note  tha t ,  as shown in Figure lb ,  t h e  acc iden t  d a t a  which 

previously appeared in these cells are  now legitimately pooled in to  those  cells 

with t h e  Before-Prohibited indices. 

The hypot3esis of comple te  indzpendence is tes ted  w i t h  yet another  va r i an t  

of Eqyation (1) in which t h e  expected va!ues a r e  obtained iterative!y with 

computer  assistance (2). The infe-ences Kade a re ,  in t h i s  case, the  s a m e  as 

those made wi th  t h e  more  conventional 2 x 2 ~ 2  analysis, i.e., t he  a c c i d e n t  

f requencies  a re  not independent 0; Time and Maneuver. However, s imulat ion 

tests indicate this  technique is slizhtly mare powerful t h a n  t h e  convent ional  

procsdure in re ject ing t h e  null hypo;hesis when i t  is truly false. 

The the r  t h e  ne t  e f f e c t  of this consideration warran ts  the more  complex  

calculat ions involved may depend largely on t h e  availability of compute r  

zssistance. If i r  is readily available, then additional discriminating power m a y  be 

obtained with Yinimal additional e f for t .  Otherwise t h e  more convent ional  

2 x 2 x 2 anl!ys:j r;ray be employed to  obtain very nearly :he s a m e  results. In 

e i ther  case, o x  thing is c l e x  -- eirher of tFse methods is ?referab!e to  t h a t  of 

t he  fo.xfoId cab:? *.;tith u>cons t ra ine l  marginal totals .  Applicatlon of the rou t ine  

f x r f o i d  con:inz?-cy :&!e malysis TJ the  a h v e  d a t a  cxrec:ly re jec ted  t h e  null 

hypot?.?sis oniy -7 ?ercent  of the  t i z e  in SI c.3-aputer simulzilon check .  
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SUSIMARY AND CONCLUSIONS 

A s t a t emen t  whose impact  may now be more fully apprec ia ted  is t h e  

following: 

" I t  is unfortunate t h a t  the  chi-square statistic takes  such a s imple form, 

both because its calculation does not require t h e  investigator to de te rmine  

explicitly the proportions being cont ras ted  and because i t  invi tes  t h e  invest igator  

t o  ignore the  fact tha t  t h e  proper inferences to be drawn f r o m  t h e  magni tude  of 

2 2 X depends on how the  data was generated,  even though t h e  formula  for  X does 

not" (2). 

Both pitfalls c i ted in this quotation were encountered by t h e  hypothet ical  

engineer described ear l ier  in this  paper. Using only raw da ta ,  exposure was 

unwittingly overlooked and, a h ,  the  inferences drawn were  based on a 

hypothesis not under test. Furthermore, t h e  exis tence of a s t ruc tu ra l  zero in t h e  

t ab le  investigated passed unacknowledged. 
2 In a very limited sense, t h e  X s t a t i s t i c  is forgiving. Relat ively la rge  

effects a r e  required in a fourfold table before a significant s t a t i s t i c  c a n  be  

consistently produced. This results in a situation where t h e  null hypothesis is 

accep ted  too frequently whenever the differences sought a r e  re la t ively small. 

Consequently, t h e  a l te rna t ive  hypothesis is accepted  less f requent ly  and the  

errors ;hat might have been made have a reduced opportuniry within which to 

n m i f e s :  themselves. But this musi  not b e  constriled to  compensa te  for logical 

errars .  Xsther, it  simply mskes t h e 3  less visible. 
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