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1 INTRODUCTION 

Many e n g i n e e r i n g  a p p l i c a t i o n s  r e q u i r e  t h e  development of a 

ma themat i ca l  model ( e q u a t i o n )  t o  c h a r a c t e r i z e  some p h y s i c a l  r e l a t i o n s h i p .  

Examples i n c l u d e  t h o s e  such  a s  t h e  fo l lowing :  

CI-LUACTERISTIC 
OF INTEREST 

C omF r e  s s i v e  
s t r e n g t h  of  
c o n c r e t e  

R a t i n g  of  
highway pavement 
s e r v i c e a b i l i t y  

R a t i n g  of 
highway pavement 
s e r v i  ceab i li t y  

X DATA 
( Independent  
V a r i a b l e )  

7-day t e s t  r e s u l t s  

Y DATA 
(Dependent 
V a r i a b l e  

28-day t e s t  
r e s u l t s  

Output  of mechanical  Average r a t i n g  
roughness-measuring of  a team of 
dev ice  p a n e l i s t s  

Cumulative a x l e  l o a d s  Cur ren t  r a t i n g  
of s e r v i c e a b i l i t y  

I n  t h e  f i r s t  example,  t h e  o b j e c t i v e  i s  a r e l i a b l e  e a r l y  p r e d i c t o r  o f  

t h e  28-day s t r e n g t h  of c o n c r e t e ,  a measure upon which many accep tance  

p r o c e d u r e s  a r e  based .  The o b j e c t i v e  of t h e  second example i s  t o  r e p l a c e  a 

c o s t l y  and time consuming s u b j e c t i v e  r a t i n g  procedure  wi th  a s imple  

mechan ica l  d e v i c e .  I n  t h e  t h i r d  example,  a r e l a t i o n s h i p  i s  sought  t h a t  

w i l l  become an  i n t e g r a l  p a r t  of a pavement management system. 

The v a r i a b l e  t o  be p r e d i c t e d  o r  e s t i m a t e d  i s  p l a c e d  on t h e  Y a x i s  and 

a n  e q u a t i o n  of t h e  form Y = F(X) i s  d e s i r e d .  The e q u a t i o n  may be l i n e a r ,  

q u a d r a t i c ,  e x p o n e n t i a l ,  o r  any o t h e r  a p p r o p r i a t e  form. The a n a l y s t ,  from 

h i s  unde r s t and ing  of  t h e  p h y s i c a l  p r o c e s s ,  w i l l  o f t e n  know t h e  c o r r e c t  form 

i n  advance .  I n  o t h e r  c a s e s ,  i t  may be n e c e s s a r y  t o  l e t  t h e  d a t a  d i c t a t e  

t h e  form. 

The d e s i r e d  r e l a t i o n s h i p  i s  o f t e n  d e r i v e d  e m p i r i c a l l y  from a s e t  of 

X ,  Y d a t a  v a l u e s  u s i n g  t h e  t echn ique  of  l e a s t  s q u a r e s  (1) a s  i l l u s t r a t e d  i n  

F i g u r e  1. The p r o c e d u r e ,  i n v i s i b l e  t o  t h e  a n a l y s t  when executed by a 
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Figure 1. Conceptual illustration o f  the ordinary least squares 
technique. 
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computer program, c o n s i s t s  of  s o l v i n g  f o r  t h e  l i n e  t h a t  "bes t "  f i t s  t h e  

d a t a .  When o r d i n a r y  l e a s t  squa res  i s  u s e d ,  t h e  b e s t  f i t  i s  d e f i n e d  a s  t h a t  

l i n e  of  t h e  chosen form t h a t  minimizes t h e  sum of  t h e  squared  r e s i d u a l s  i n  

a d i r e c t i o n  p a r a l l e l  t o  t h e  Y a x i s .  

I n  c a r r y i n g  o u t  t h i s  p rocedure ,  s e v e r a l  t h e o r e t i c a l  assumpt ions  a r e  

made, one o f  t h e  most fundamental  of which i s  t h a t  t h e  X v a l u e s  a r e  known 

e x a c t l y  and t h a t  any e r r o r  of  measurement i s  a s s o c i a t e d  on ly  wi th  t h e  T 

v a l u e s .  Because i t  i s  o f t e n  imposs ib l e  o r  i m p r a c t i c a l  t o  a c h i e v e  t h i s  

i d e a l i z e d  c o n d i t i o n  i n  p r a c t i c e ,  t h i s  s t u d y  was under taken  ( a )  t o  

i n v e s t i g a t e  t h e  e f f e c t  of f a i l i n g  t o  s a t i s f y  t h i s  assumpt ion  and (b )  t o  

deve lop  and t e s t  a s o f t w a r e  package t h a t  i n c o r p o r a t e s  a t h e o r e t i c a l  

p rocedure  f o r  d e a l i n g  w i t h  X e r r o r  ( 2 ) .  This  r e p o r t  a d d r e s s e s  l i n e z r  

models s i n c e  on ly  t h e  l i n e a r  s o l u t i o n  of  t h e  X-e r ro r  problem has  been  

p u b l i s h e d  t o  d a t e .  

2 USE OF COMPUTER SIMULATION 

I n  o r d e r  t o  demons t r a t e  t h e  e x t e n t  of  t h e  X-e r ro r  problem and t h e  

e f f e c t i v e n e s s  of t h e  s o l u t i o n ,  a method was r e q u i r e d  t o  obse rve  and 

q u a n t i f y  t h e  accuracy  and p r e c i s i o n  of t h e  r e g r e s s i o n  e s t i m a t e s .  Th i s  c a n  

r e a d i l y  be accomplished w i t h  computer s i m u l a t i o n  by per forming  t h e  

f o l l o w i n g  s t e p s :  

1. Randomly g e n e r a t e  a b i v a r i a t e  normal X ,  Y d a t a  s e t  w i t h  k n o m  

r e g r e s s  i o n  ( p o p u l a t i o n )  pa rame te r s  

( a )  i n t e r c e p t  ( p  ) 0 
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2 .  I n c l u d e  a f i x e d  amount o f  X e r r o r ,  e i t h e r  i n  a b s o l u t e  t e r m s  o r  a s  

a p e r c e n t a g e  o f  d . 
Y X  

3 .  Use t h e  randomly g e n e r a t e d  d a t a  t o  e s t i m a t e  t h e  r e g r e s s i o n  

p a r a m e t e r s  : 

( a )  i n t e r c e p t  (B ) 0 

( b )  s l o p e  (B1)  

( c )  r e s i d u a l  e r r o r  (S ) 
Y X  

4 .  R e p e a t  t h e  e n t i r e  p r o c e s s  many times i n  o r d e r  t o  compare t h e  

d i s t r i b u t i o n s  o f  t h e  r e g r e s s i o n  e s t i m a t e s  w i t h  t h e  known 

p a r a m e t e r s .  I d e a l l y ,  t h e  sampl ing  d i s t r i b u t i o n s  of  t h e  e s t i m a t e s  

s h o u l d  b e  c e n t e r e d  on t h e  t r u e  p o p u l a t i o n  p a r a m e t e r s  and have  

r e l a t i v e l y  nar row d i s p e r s i o n s .  

T h i s  t e c h n i q u e  c a n  b e  used  t o  p r o v i d e  a v e r y  d r a m a t i c  d e m o n s t r a t i o n  o f  

t h e  b i a s  i n t r o d u c e d  b y  e r r o r  i n  t h e  S v a r i a b l e  and t h e  c o n d i t i o n s  t h a t  

a c c e n t u a t e  i t .  I t  w i l l  a l s o  b e  used t o  d e m o n s t r a t e  t h e  e f f e c t i v e n e s s  o f  

t h e  p r o c e d u r e  deve loped  t o  overcome t h i s  problem. 

3 DEMONSTRATION OF THE PROBLEfl 

T a b l e  1 h a s  been  p r e p a r e d  u s i n g  d i m e n s i o n l e s s  d a t a  t o  i l l u s t r a t e  t h e  

d e t r i m e n t a l  e f f e c t  even  a modera te  amount of  X e r r o r  can  have under  c e r t a i n  

c o n d i t i o n s .  I t  can b e  o b s e r v e d  t h a t ,  when t h e r e  i s  no X e r r o r ,  t h e  

e s t i m a t e d  v a l u e s  ( a v e r a g e s  f o r  1000 r e p l i c a t i o n s )  o f  a l l  t h r e e  r e g r e s s i o n  

p a r a m e t e r s  a r e  e x t r e m e l y  c l o s e  t o  t h e  t r u e  p o p u l a t i o n  v a l u e s .  When t h e  

amount o f  X e r r o r  i s  a s  l i t t l e  a s  25 p e r c e n t  o f  t h e  Y e r r o r  (a,,), i t  can  

be s e e n  t h a t  a s u b s t a n t i a l  amount o f  b i a s  h a s  been  i n t r o d u c e d  i n  t h e  

e s t i m a t e s  o f  b o t h  t h e  i n t e r c e p t  and t h e  r e s i d u a l  e r r o r .  A s  t h e  d e g r e e  o f  X 

e r r c r  i n c r e a s e s ,  a l l  t h r e e  r e g r e s s i o n  p a r a m e t e r s  b e g i n  t o  show c o n s i d e r a b l e  



Table 1. Examples of bias introduced by the presence of X error. 

REGRESSION ESTIMATES (a) OBTAINED BY ORDINARY 
LEAST SQUARES FOR SELECTED LEVELS OF X ERROR ( b )  

TRUE 
PARAMETER VALUE 0 25 5 0  7 5  1 0 0  

Intercept 100 100.14 108.11 1 2 9 . 2 5  160.81 200.23 

Slope 10 1 0 . 0 0  9.84 9 . 4 1  8.78 8.00 

Residual Error 5 4 . 9 3  13.21 24 .62  35 .08  44 .79  

(a) Results obtained by computer simulation with 1000 replications of 3 0  data 
points spanning the range between approximately X = 3 0  and X = 70 .  

(b) X error is measured as the ratio Uxx/Cy expressed as a percent, in which 
cixx and Uyx represent the precision witg'which the X and Y variables are 
measured. 

I 

ul 
I 
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b i a s .  When t h e  X e r r o r  and t h e  Y e r r o r  a r e  a p p r o x i m a t e l y  e q u a l ,  a f a i r l y  

common s i t u a t i o n  i n  a c t u a l  p r a c t i c e ,  t h e  r e g r e s s i o n  e s t i m a t e s  d i f f e r  

s u b s t a n t i a l l y  from t h e  t r u e  p o p u l a t i o n  p a r a m e t e r s .  

I t  should  be n o t e d  t h a t  t h i s  example was chosen  t o  d r a m a t i z e  t h e  

p o t e n t i a l l y  s e r i o u s  n a t u r e  o f  t h e  X - e r r o r  problem. Al though t h e  t h r e e  

p o p u l a t i o n  p a r a m e t e r s  (p = 5 )  a r e  n o t  e x t r e m e  i n  any 

s e n s e ,  t h e  e f f e c t  i s  pronounced because  t h e  s l o p e  i s  f a i r l y  s t e e p .  F i g u r e  

2 p r e s e n t s  a c o n c e p t u a l  i l l u s t r a t i o n  of t h e  e f f e c t  o f  t h e  s l o p e  i n  

t r a n s l a t i n g  >i e r r o r  i n t o  a p p a r e n t  Y e r r o r ,  e r r o r  t h a t  t h e  o r d i n a r y  l e a s t  

s q u a r e s  p r o c e d u r e  a t t r i b u t e s  s o l e l y  t o  t h e  Y v a r i a b l e .  The examples  i n  

T a b l e  2 f u r t h e r  d e m o n s t r a t e  t h i s  e f f e c t .  Viewed c o l l e c t i v e l y ,  t h e  examples  

i n  T a b l e s  1 and 2 p r o v i d e  e m p i r i c a l  e v i d e n c e  of two c o n d i t i o n s  t h a t  may 

i n f l u e n c e  t h e  magnitude of  t h e  X - e r r o r  problem,  i . e . ,  t h e  r a t i o  of  X e r r o r  

t o  Y e r r o r  and t h e  s l o p e  of  t h e  r e g r e s s i o n  l i n e .  

= 100, P I  = 10, d 
0 YX 

4 PLLWEL'S SOLUTION 

A t h e o r e t i c a l l y  d e r i v e d  p r o c e d u r e  f o r  a v o i d i n g  t h e  b i a s  i n  t h e  

r e g r e s s i o n  e s t i m a t e s  due t o  X e r r o r  h a s  been  p u b l i s h e d  by Mandel (2). Use 

of  t h e  p r o c e d u r e  r e q u i r e s  one a d d i t i o n a l  b i t  of  i n f o r m a t i o n  t h a t  i s  u s u a l l y  

r e a d i l y  a v a i l a b l e  o r  r e a d i l y  o b t a i n a b l e :  t h e  r a t i o  of  t h e  v a r i a n c e s  

a s s o c i a t e d  K i t h  t h e  X and Y measurements .  Although t h e  m a t h e m a t i c a l  

p r o c e d u r e  i s  somewhat i n v o l v e d ,  t h e  c o n c e p t  i s  v e r y  e a s y  t o  v i s u a l i z e .  

O r d i n a r y  l e a s t  s q u a r e s  mini inizes  t h e  sum of t h e  s q u a r e d  r e s i d u a l s  i n  a 

d i r e c t i o n  p a r a l l e l  t o  t h e  Y a x i s .  A s  shown i n  F i g u r e  3 ,  Mandel ' s  p r o c e d u r e  

p e r f o r m s  t h e  m i n i m i z a t i o n  p r o c e s s  i n  a d i r e c t i o n  o b l i q u e  t o  t h e  X and Y 

a x e s ,  t h e  e x a c t  a n g l e  b e i n g  d e t e r m i n e d  p r i m a r i l y  by t h e  r e l a t i v e  magni tude  

o f  t h e  X and  Y e r r o r .  
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F i g u r e  2 .  E f f e c t  o f  s l o p e  on t h e  t r a n s l a t i o n  o f  X e r r o r  i n t o  appa ren t  Y e r r o r .  



Table 2. Effect of slope on the degree of bias introduced. 

REGRESSION ESTIMATES (a) OBTAINED BY ORDINARY LEAST SQUARES 
FOR FIXED X ERROR (b) AND SELECTED LEVELS O F  SLOPE 

TRUE 
PARAMETER VALUE 0 25 50 75 100 

200 .23  1x1 ter c ep t 100 9 9 . 9 4  105.14 109.95 150.26 

Slope ( C )  0.00  0 . 4 0  0.80 3.99 8.00 
I 

Residual Error 5 4.95 5.44 6.69 22.58 44.79 m 
I 

(a) Results obtained by computer simulation with 1 0 0 0  replications of 3 0  data points 
spanning the range between approximately X = 3 0  and X = 70. 

( b )  The level of X error is fixed at 100 percent (Dxx = UYx, where Oxx and CTyx represent 
the precision with which the X and Y variables are measured). 

(c) Variable, values given in column headings. 
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Figure 3. Conceptual illustration of Mandel's method. 
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I n  o r d e r  t o  t e s t  t h e  e f f e c t i v e n e s s  o f  Mandel’s  method, i t  was a p p l i e d  

t o  t h e  same d a t a  s e t s  used t o  deve lop  Table  1. The r e s u l t s  a r e  r e p o r t e d  i n  

T a b l e  3 and t h e  v a l u e s  from Table  1 a r e  r epea ted  f o r  e a s e  of  comparison. 

I t  can be  seen  from Tab le  3 t h a t  Mandel’s method i s  ex t r eme ly  e f f e c t i v e  i n  

removing t h e  b i a s  t h a t  e x i s t s  when an  a p p l i c a t i o n  w i t h  X e r r o r  i s  ana lyzed  

by o r d i n a r y  l e a s c  s q u a r e s .  I t s  on ly  d i s c e r n i b l e  weakness i n  t h i s  example 

i s  a p o s s i b l e  s m a l l  downward b i a s  of t h e  e s t i m a t e  of t h e  i n t e r c e p t  when t h e  

X e r r o r  i s  q u i t e  l a r g e .  

To judge  whether  o r  n o t  t h i s  a p p a r e n t  b i a s  was r e a l ,  t h e  s i m u l a t i o n  

program was modi f ied  t o  p r i n t  o u t  a h i s togram and e l emen ta ry  s t a t i s t i c s  f o r  

1000 i n t e r c e p t  e s t i m a t e s .  The X e r r o r  was h e l d  tor-stant a t  100 p e r c e n t  of 

CT . Although n o t  s t r i c t l y  a p p l i c a b l e  because  t h e  d i s t r i b u t i o n  of  

i n t e r c e p t  es t imaLes  was somewhat skewed, a t t e s t  i n d i c a t e d  t h a t  t h e  

a v e r a g e  i n t e r c e p ;  of 93.06 was h i g h l y  s i g n i f i c a n t l L -  d i f f e r e n t  (& < 0.001) 

from t h e  t r u e  v a l u e  of 100 .0 .  Although it i s  n o t  c5v ious  from t h e  r e s u l t s  

i n  T a b l e  3 ,  a s l r n i l a r  t e s t  s u g g e s t s  t h a t  t h e  s l o p e  e s t i m a t e s  may a l s o  be 

b i a s e d  t o  a v e r y  sma l l  d e g r e e .  Consequent ly ,  wh i l e  ? l ande l ’ s  method appea r s  

t o  be  v e r y  e f f e c t i v e ,  and i s  f a r  s u p e r i o r  t o  o r d i n a r y  l e a s t  s q u a r e s ,  i t  may 

n o t  be n o t  t o t a l l y  unbiased  i n  a l l  c a s e s .  

Y X  

F i g u r e  4 i l l u s t r a t e s  i n  a g r a p h i c a l  way t h e  e f f e c t s  t h a t  have been  

obse rved  i n  Tab le  3 .  The d i s t r i b u t i o n s  shown i n  t h i s  f i g u r e  were drawn 

from h i s tog rams  gene ra t ed  by t h e  same s i m u l a t i o n  programs used  t o  deve lop  

T a b l e s  1 - 3 .  ? a n d e l ’ s  method can  be  seen  t o  be e s s e n t i a l l y  unbiased i n  

t h a t  t h e  means ~f t h e  d i s t r i b u t i o n s  gene ra t ed  by t h a t  method a r e  ve ry  c l o s e  

t o  t h e  t r u e  p o p c i a t i o n  p a r a m e t e r s .  I n  marked c o n z r a s t ,  t h e  d i s t r i b u t i o n s  

produced by ordLr,ary l e a s t  s q u a r e s  a r e  s h i f t e d  s u b s t a n t i a l l y  away from t h e  

t r u e  p a r a m e t e r s .  Another impor t an t  o b s e r v a t i o n  i n  F i g u r e  4 i s  t h a t  t h e  



T a b l e  3 .  Examples  of b i a s  i n t r o d u c e d  by t h e  p r e s e n c e  of X e r ror .  

REGRESSION ESTIMATES ( a )  OBTAINED FOR SELECTED 
LEVELS O F  X ERROR ( b )  

TRUE 
PARAMETER VALUE METHOD 0 25 50 75 100 

I n t e r c e p t  1 0 0  Mandel 1.00.18 100.19 98.34 96.69 93.06 
200.23 I 

01,s ( c )  100.14 108.11 129.25 160.81 

S l o p e  P 1 0  Mandel 1 0 . 0 0  9.99 10.03 10.06 10.14 P 

OLS ( c )  10.00 9.84 9.41 8.78 8 . 0 0  I 

R e s i d u a l  E r r o r  5 Mandel  4.93 4.94 4.97 4.94 4.97 
OLS (c) 4.93 13.21 24.62 35.08 44.79 

( a )  R e s u l t s  o b t a i n e d  by c o m p u t e r  s i m u l a t i o n  w i t h  1 0 0 0  r e p l i c a t i o n s  of 3 0  d a t a  
p o i n t s  s p a n n i n g  t h e  r a n g e  be tween  a p p r o x i m a t e l y  X = 30  a n d  X = 7 0 .  

( b )  X e r ror  i s  measured  as  t h e  r a t i o  ff,,/d, e x p r e s s e d  a s  a p e r c e n t ,  i n  w h i c h  
Cfxx a n d  Uyx r e p r e s e n t  t h e  p r e c i s i o n  w i t )  r ' which  t h e  X and  Y v a r i a b l e s  a r e  
measu red .  

(c) O r d i n a r y  l e a s t  squares .  
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Figure 4 .  Comparison of distributions of regression estimates 
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distributions for the intercept and the slope obtained with Mandel's method 

are only slightly more dispersed that those obtained by ordinary least 

squares. This indicates that a substantial gain in accuracy has been 

achieved with only a slight l o s s  of precision. For the residual error, 

Mandel's method is both more accurate and more precise. 

An interesting feature of Mandel's method is that, unlike the least 

squares technique, the same regression line will be obtained regardless of 

which variable is considered to be independent (X) and which is dependent 

( Y ) .  Furthermore, the degree of uncertainty associated with predictions 

made by this method is the same for either choice of variables (2, p. 9). 

This property conveniently avoids a controversial aspect of the calibration 

application, the need to work backward through the regression procedure to 

estimate what value of X gave rise to an observed value of Y. 

Another series of computer simulation tests was performed using the 

standard procedures for computing interval estimates for the intercept, 

slope, and Gyx. A level of confidence of 1 - o(= 0.95 was selected and the 

number of times the interval estimate actually contained the true 

population parameter was counted. For 1000 replications, the empirically 

observed results should fall within the range of approximately 

0.95 i 2(( (0 .95) (0 .05) ) /1000) ' /2  = 0.95 f 0.014 when the interval 

estimation process is working properly. It can be seen from the results 

in Table 4 that, even for small amounts of X error, the interval estimates 

computed by ordinary least squares contain the population parameters 

substantially less often than desired. In contrast, all of the interval 

estimates computed by Mandel's method are satisfactory even though the 

standard confidence interval estimation procedures are known to be 

approximate. 



Table 4. Effect of X error on interval estimates. 

PARAMETER 

Intercept 
cp0=100 1 

CP,=lO) 

( ayx=5 I 

Slope 

Residual Error 

DESIRED 
CONFIDENCE 
LEVEL METHOD 

0.95 Mandel 
OLS (c) 

0.95 Mandel 
OLS (c) 

0.95 Mandel 
OLS (c) 

EMPIRICALLY OBSERVED (a) CONFIDENCE LEVELS AT 
SELECTED LEVELS OF X ERROR (b) 

0 25 50 75 100 

0.950 0.938 0.954 0.939 0.953 
0.951 0.898 0.768 0.548 0.321 

0.948 0.941 0.948 0.952 0.956 
0.946 0.889 0.755 0.534 0.301 

0.955 0.956 0.963 0.947 0.959 
0.955 0.0 0.0 0.0 0.0 

(a) Results obtained by computer simulation with 1000 replications of 30 data 
points spanning the range between approximately X = 30  and X = 70. 

( b )  X error is measured as the ratio Gxx/ff expressed as a percent, in which 
OXx and [lyx represent the precision wizff'which the X and Y variables are 
measured. 

I 

t-J 
51 

I 

(c) Ordinary least squares. 
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5 USE OF INTERACTIVE SOFTWARE PACKAGE 

The fo l lowing  example i l l u s t r a t e s  t h e  use  of t h e  F o r t r a n  program 

developed  t o  make Mandel’s  s o l u t i o n  wide ly  a v a i l a b l e  t o  a broad range of  

p o t e n t i a l  u s e r s .  (A complete l i s t i n g  of t h e  F o r t r a n  program i s  con ta ined  

i n  Appendix B . )  I t  i s  based on conc re t e  s t r e n g t h  d a t a  c o l l e c t e d  from a 

c o n s t r u c t i o n  p r o j e c t  i n  N e w  J e r s e y  and i s  a c o n t r i v e d  example i n  t h a t  t h e  

d a t a  s e t  t h a t  i s  used was randomly gene ra t ed  from a p o p u l a t i o n  having  t h e  

same s t a t i s t i c a l  pa rame te r s  a s  t hose  observed i n  t h e  f i e l d .  This  approach 

p r o v i d e s  a known c o n t r o l  a g a i n s t  which t h e  r e s u l t s  o b t a i n e d  by t h e  two 

methods may be compared. Otherwise ,  it could on ly  be observed t h a t  t h e  

r e s u l t s  o b t a i n e d  by t h e  two methods were d i s t i n c t l y  d i f f e r e n t  and i t  would 

n o t  be  known how c l o s e  e i t h e r  one came t o  e s t i m a t i n g  t h e  t r u e  p o p u l a t i o n  

p a r a m e t e r s .  

I n  o r d e r  t o  use  t h i s  program, two prede termined  v a l u e s  must be 

e n t e r e d .  These a r e  ( a )  t h e  r a t i o  of t h e  X and Y e r r o r  v a r i a n c e s  and ( b )  

t h e  deg ree  of c o r r e l a t i o n  between t h e  X and Y e r r o r s .  Note t h a t  t h i s  

l a t t e r  v a l u e  r e p r e s e n t s  t h e  c o r r e l a t i o n  between t h e  X and Y e r r o r s ,  n o t  t h e  

c o r r e l a t i o n  between t h e  X and Y measurements.  Except  f o r  c e r t a i n  

s p e c i a l i z e d  a p p l i c a t i o n s  (2, p.3), t h i s  c o r r e l a t i o n  i s  normal ly  z e r o .  The 

r a t i o  o f  e r r o r  v a r i a n c e s  has  been set  a t  1 .0  because ,  a t  t h e  r e l a t i v e l y  

h i g h  l e v e l s  o f  7-day and 28-day s t r e n g t h s  used i n  t h i s  example,  it i s  

b e l i e v e d  t h a t  t h e  measurement e r r o r  i s  e s s e n t i a l l y  t h e  same f o r  b o t h  s e t s  

of d a t a .  

F i g u r e  5 p r e s e n t s  t h e  pr imary  p o r t i o n  of  t h e  p r i n t o u t  f o r  t h e  X-error  

s o f t w a r e  package .  I n  a d d i t i o n  t o  t h e  two prede termined  v a l u e s ,  t h e  program 

p r i n t s  e l emen ta ry  s t a t i s t i c s ,  b a s i c  r e g r e s s i o n  pa rame te r s ,  and t h e  

approximate  s i g n i f i c a n c e  l e v e l s  w i th  which t h e  i n t e r c e p t  and s l o p e  may be 
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PRECETERHIKED RATIO VAR(X-ERROR)/VAR(Y-ERROR) 1.000 

PREDETERMINED CORRELATION OF X-ERROR WITH P-ERROR = , 0 0 0  

3 0  DATA POINTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Y __--__-_------ x __--_--_------ 

MINIMUM 2400.000000 3 5 9 0 . 0 0 0 0 0 0  
MAXIMUM 4 4 4 0 . 0 0 0 0 0 0  5 5 9 0 . 0 0 0 0 0 0  

MEAN 3 3 7 6 . 3 3 3 2 5 2  4 6 3 4 . 0 0 0 0 0 0  
STANDARD DEVIATION 5 3 5 . 5 5 9 3 2 6  5 2 0 . 7 0 6 2 9 9  

SKEW 
KURTOSIS 

. 1 2  .06  - . 6 9  - .  7 7  

PARAMETER ESTIMATES ................................. 
Y = F ( S )  X = F ( P )  ____-_-------- -_--_--__----- 

INTERCEPT 1 3 8 9 . 1 0 4 6 3 5  - 1 4 4 5 . 3 ' 7 1 8 0 8  
SLOPE . 9 6  1071 1 . 0 4 0 5 0 6  

2 9 0 . 2 1 2 5 1 2  2 9 0 . 2 1 2 5 1 2  

5 1 2 . 2 8 3 1 0 1  r D r . 2 1 7 1 4 6  
STANDARD ERROR OF SLOPE . 1 5 0 1 5 8  . 1 6 2 5 6 9  

RESIDUAL ERROR, S(YS) AXD S(XY) 

STANDARD ERROR OF IKTERCEPT 
1 . 0 8  

- - c  
MANDEL'S SIC STATISTIC . 9 2  

SELECT ONE OF THZ FOLLOWING OPTIONS 
1. 
2 .  
3 .  
4 .  TERXISATE THIS RUN 

INTECVAL ESTIHATES FOR INTERCErJT, SLOPE, AS3 RESIDUAL ERROR 
INTERVAL ESTZYATES FOR TRUE Y AT SELECTED VALUE OF X 
I K T E R V A I ,  ESTI?lATES FOR TRVE X AT SELECTED VALUE OF Y 

? 

F i g u r e  5 .  Primary printout of >;-error software package. 
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i n f e r r e d  t o  be  nonzero.  The d a t a  is  t r e a t e d  a s  bo th  Y = F(X) and X = F(Y) 

i n  t h e  p r imary  p r i n t o u t  and a l s o  i n  t h e  o p t i o n a l  p o r t i o n s  t h a t  fo l low.  

AS n o t e d  i n  t h e  p reced ing  s e c t i o n ,  Mandel‘s procedure  produces  t h e  

same r e g r e s s i o n  l i n e  r e g a r d l e s s  of which v a r i a b l e  is  t o  be p r e d i c t e d .  T h i s  

c a n  r e a d i l y  be  demonst ra ted  from t h i s  p r i n t o u t ,  f o r  example,  by s o l v i n g  f o r  

X i n  t h e  e q u a t i o n  Y = F(X) and comparing w i t h  t h e  e q u a t i o n  X = F(Y) 

o b t a i n e d  from t h e  same p r i n t o u t .  

The d a t a  p o i n t s  and r e g r e s s i o n  r e s u l t s  a re  shown i n  F i g u r e  6 .  The 

e s t i m a t e d  s l o p e  and i n t e r c e p t  a r e  t y p i c a l  i n  t h a t  they  a r e  examples of 

c e n t r a l  v a l u e s  of  t h e  d i s t r i b u t i o n s  snown i n  F igu re  4 .  Like t h e  

d i m e n s i o n l e s s  examples i n  Table  4 ,  o r d i n a r y  l e a s t  s q u a r e s  has  produced a 

c o n s i d e r a b l y  b i a s e d  e s t i m a t e  w h i l e  blandel’s  method h a s  produced a n  e s t i m a t e  

v e r y  c l o s e  t o  t h e  t r u e  l o c a t i o n  of  t h e  l i n e .  

F i g u r e  5 a l s o  shows t h e  menu t h a t  i s  p r i n t e d  fo l lowing  t h e  pr imary  

T h i s  e n a b l e s  t h e  u s e r  t o  compute v a r i o u s  i n t e r v a l  e s t i m a t e s  o r ,  i f  o u t p u t .  

t h e s e  are  n o t  d e s i r e d ,  t o  t e r m i n a t e  t h e  run .  

T f  I t em 1 i s  s e l e c t e d  from t h e  menu, t h e  o u t p u t  shown i n  F igu re  7 i s  

o b t a i n e d .  Th i s  p rov ides  ‘coth approximate  s i n g l e - s i d e d  and approximate 

double-s ided  i n t e r v a l  e s t i m a t e s  a t  s e v e r a l  commonly used s i g n i f i c a n c e  

l e v e l s  f o r  t he  t h r e e  b a s i c  pa rame te r s  of l i n e a r  r e g r e s s i o n  -- i n t e r c e p t ,  

s l o p e ,  and r e s i d u a l  e r r o r .  

F i g u r e  8 shows t h e  o u t p u t  r e s u l t i n g  from t h e  s e l e c t i o n  of I tem 2 from 

t h e  menu. I n  t h i s  case,  t h e  u s e r  i s  f i r s t  r e q u i r e d  t o  e n t e r  t h e  v a l u e  of X 

a t  which i n t e r v a l  es t imates  for Y a r e  t o  be computed. Tne program then  

p r i n t s  o u t  a s e r i e s  of approximate  s i n g l e - s i d e d  and double-s ided l i m i t s ,  

e x a c t l y  as vas done f o r  I tem 1. T h e  procedure  f o r  I tem 3 i s  t h e  same 
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T R U E  L I N E  F O R  THIS E X A M P L E  

6000 

0 

5000 t * -  I 
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2000 3000 4 000 5 000 0 
0 I000 

7 - D A Y  S T R E N G T H  ( P S I I  

F i g u r e  6. Typical regression r e s u l t s  with concrete strength data. 
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APPROXIMATE INTERVAL ESTIXATES --_--_------ 
TAIL AREA 

LOWER .005 
LOWER .010 
LOWER .025 
LOWER .050 
LOWER .lo0 
UPPER ,100 
UPPER .050 
UPPER ,025 
UPPER .010 
UPPER .005 

____-_--___ 
_____-__-_---__-__--- 

Y = F(X) -------------- 
-26.553672 
125.189853 
339.721983 
517.637687 
716.i16942 

2061.492327 
2260.571582 
2438.487286 
2653.019416 
2804.76294 1 

FOR INTERCEPT 

X = F ( P )  
______--__-_---- 

___---__-__--- 
-5537.888114 
-3313.592605 
-2996.487849 
-2733.506656 
-2439.243143 
-451.500473 
-157.236960 
105.744233 
422.848989 
647.144498 

APPROSIMATE INTERVAL ESTIMATES FOR SLOPE ................................................. 
TAIL AREA Y = F I X )  S = F(Y) ___-----__- _-_____-__--_- _ _ _ _ _ _ _ _ - _ _ - _ _  
LOWER ,005 ,546119 .591257 
LOWER .010 .590597 .639412 
LOWER .025 .653480 .707492 
LOWER . 0 5 0  ,705630 .763952 

.827129 LOWER . I00 .763983 
UPPER .lo0 1.158158 1.253883 
UPPER . 050  1.216512 1.317060 
UPPER . 0 2 5  1.268662 1.373520 
UPPER .OlO 1.331544 1.441600 
UPPER .005 1.376023 1.489755 

APPROXIHATE 

TAIL AREA 

LOWER ,005 
LOWER .01C 
LOWER .025 
LOWER .050 
LOWER . l o 0  
UPPER .lo0 
UPPER .050 
UPPER .025 
UPPER .010 
UPPEX . 0 0 5  

------------ 
----------- 

IKTERVAL ESTIMATES 
.________-__-__-_-- -  

s ( YX ) -__----------- 
215.050256 
221.014407 
230.306780 
238.849756 
249.393031 
352.869141 
353.245117 
392.498291 
416.953857 
435.017822 

FOR RESIDUAL ERROR ____-_-_-_-------- 
S(XT) ____-__-_----- 

215.050256 
221.014407 
230.306780 
238.849756 
249.393031 
352.869300 
373.245152 
392.498435 
416.953873 
435.017052 

SELECT OKE OF THE FOLLOWISG OPTIONS 
1. INTERVAL ESTIYATES FOR Ih’TERCEPI, SLOPE, AND RESIDUAL E2ROR 
2. INTERVAL ESTIHATES FOR TRUE Y AT A SELECTED VALUE OF >; 
3. Ih’TERVAL ESTIYATES FOR TRUE X AT A SELECTED VALUE OF Y 
4. TERMIEATE THIS RUK 

7 

Figure 7.  Printout resulting from Menu Item 1. 
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. 
ENTER VALUE OF S AT WHICH COMPUTATIONS ARE MADE 
? 
3000 

POIKT ESTIMATE O F  TRUE Y = 4272.317024 

- S ' Y  FOR OBSERVED X) - 293.917236 

APPROXIMATE 

T A I L  AREA 

LOWER . 005  
LOWER .010 
LOWER . 0 2 5  
LOWER . 0 5 0  
LOWER . i O O  
UPPER . l o 0  
UPPER . 0 5 0  
UPPER .025 

UPPER . 0 0 5  

_-__--_------ 
_ _ _ _ _ _ _ _ _ _ _  

UPPER .oio 

ISTERVAL ESTIMATES ___-_-------------- 
Y FOR OBSERVED XDEL __________-- - - - -  

3460.105551 
3547.162096 
3670.250253 

3886.541402 
4658.092645 
47'72.311789 
4874.389681 
4 997.475315 
5084.536625 

3772.321978 

SELECT OS5 O F  THE FOLLOWISG O?TIOXS 
1 .  IXTERVAL ESTIYATES FOR INTERCEPT,  S L O P E ,  AND RESIDUAL ERROR 
2. IXYERVAL ESTIYATES FOX TRUE Y AT S E L E t l E D  VALUE OF S 
3. ISYERVAL ESTIMATES FOR TRCE X AT SELECTED VALVE O F  T 
4 .  TEZYINATE T H I S  RUN 

? 

Figure 8. Printout r e s u l t i n g  from Menu I t e m  2. 
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e x c e p t  t h a t ,  i n  t h i s  c a s e ,  a va lue  of  Y must be e n t e r e d  i n  o r d e r  t o  o b t a i n  

approximate  i n t e r v a l  e s t i m a t e s  f o r  X.  

The e n t i r e  menu a p p e a r s  a g a i n  a f t e r  each  s e l e c t i o n  i s  a c t e d  upon. I n  

t h i s  way, t h e  u s e r  may r e p e a t  any s e l e c t i o n  o r ,  by s e l e c t i n g  Item 4 ,  t h e  

i n t e r a c t i v e  s e s s i o n  may be t e rmina ted .  

6 NEED FOR FUTURE RESEARCH 

T h i s  r e p o r t  has  d e a l t  e n t i r e l y  w i t h  l i n e a r  r r g r e s s i o n  a p p l i c a t i o n s  

because  t h e o r e t i c a l  s o l u t i o n s  f o r  t h e  more complex models a p p a r e n t l y  have 

n o t  been  d e r i v e d  o r  pub l i shed  t o  d a t e .  Obvious e x t e n s i o n s  of  t h i s  

methodology t h a t  would b e  immediately u s e f u l  a r e  t h e  fo l lowing :  

1. 

2 .  

Regress ion  l i n e  f o r c e d  t o  go th rough t h e  o r i g i n .  

M u l t i p l e  l i n e a r  r e g r e s s i o n  and o t h e r  c u r v i l i n e a r  models.  

3 .  Nonl inear  r e g r e s s i o n  models.  

I t  was shown t h a t  r e s u l t s  ob ta ined  by l i n e a r  r e g r e s s i o n  can be g r e a t l y  

i n  e r r o r  when X e r r o r  i s  p r e s e n t .  I t  i s  r easonab le  t o  b e l i e v e  t h a t  s i m i l a r  

problems e x i s t  w i t h  t h e  more complex models.  S i n c e  many a p p l i c a t i o n s  

r e q u i r e  t h e  l i n e  t o  go through t h e  o r i g i n ,  o r  t a k e  some t y p e  of c u r v i l i n e a r  

form,  it would seem h i g h l y  d e s i r a b l e  t o  deve lop  t h e s e  more advanced 

t e c h n i q u e s  i n  a manner t h a t  can p r o p e r l y  account  f o r  t h e  p re sence  of )i' 

e r r o r .  

I d e a l l y ,  i f  t h e  a p p r o p r i a t e  t a l e n t s  a r e  brought  t o  b e a r  upon t h i s  

problem,  it i s  b e l i e v e d  t h a t  a t h e o r e t i c a l  s o l u t i o n  can be  found a s  i t  was 

f o r  t h e  l i n e a r  c a s e .  I f  f o r  some reason  a t h e o r e t i c a l  s o l u t i o n  i s  n o t  

o b t a i n a b l e ,  it may s t i l l  be p o s s i b l e  t o  e m p i r i c a l l y  d e r i v e  a p r a c t i c a l  

s o l u t i o n  t h a t  can  be shown t o  s u b s t a n t i a l l y  improve upon t h e  e s t i m a t e s  t h a t  

a r e  made. 



- 2 2  - 

7 SUMMARY CONCLUSIONS 

Regress ion  a n a l y s i s  i s  f r e q u e n t l y  used i n  t h e  eng inee r ing  p r o f e s s i o n  

t o  deve lop  mathemat ica l  models f o r  many d i f f e r e n t  a p p l i c a t i o n s .  Regres s ion  

t h e o r y  assumes t h a t  t h e  X v a l u e s  a r e  known wi thou t  e r r o r ,  a requi rement  

t h a t  o f t e n  cannot  be met. Computer s i m u l a t i o n  was used  t o  demons t r a t e  

t h a t ,  under  c e r t a i n  c o n d i t i o n s ,  r e g r e s s i o n  e s t i m a t e s  ob ta ined  by o r d i n a r y  

l e a s t  s q u a r e s  can be s e r i o u s l y  i n  e r r o r .  A q u a n t i t a t i v e  measure of  t h e  

s e v e r i t y  o f  t h e  problem i s  d i s c u s s e d  i n  Appendix A .  

The consequences of  t h i s  f i n d i n g  may be  a l a rming .  I n  t h e  p re sence  of 

x e r r o r ,  OLS e s t i m a t e s  may o f t e n  be u n r e l i a b l e .  The degree  t o  which t h i s  

u l t i m a t e l y  a f f e c t s  t h e  conc lus ions  of r e s e a r c h  s t u d i e s  o r  i n f l u e n c e s  p o l i c y  

d e c i s i o n s  i s  n o t  known, b u t  t h e  p o t e n t i a l  harm of  s p e c i f y i n g  t h e  wrong 

m a t e r i a l  o r  p r o d u c t ,  o r  of e s t a b l i s h i n g  a l e s s - t h a n - o p t i m a l  p o l i c y  o r  

d e s i g n ,  i s  recognized  t o  be s u b s t a n t i a l .  An e r r o r  of  t h i s  t y p e  w i l l  seldom 

be  an i s o l a t e d  c a s e ;  i t  w i l l  b e  r epea ted  w i t h  each  subsequent  a p p l i c a t i o n  

of t h e  p roduc t  o r  des ign  s t a n d a r d .  

IC u a s  a l s o  demonstrated by computer s i m u l a t i o n  t h a t  Mandel 's  method 

i s  ex t r eme ly  e f f e c t i v e  a t  removing most o f  t h e  b i a s  i n t roduced  by e r r o r  i n  

t h e  X v a r i a b l e .  F i g u r e  4 and Tables  3 and 4 c l e a r l y  show t h a t ,  i n  g e n e r a l ,  

Mandei ' s  method p r o v i d e s  s u b s t a n t i a l l y  more a c c u r a t e  r e s u l t s  t h a n  o r d i n a r y  

l e a s t  squa res  and F i g u r e  6 i l l u s t r a t e s  t h i s  f a c t  wi th  a s p e c i f i c  example 

based  on c o n c r e t e  s t r e n g t h  t e s t s .  The complete  t h e o r e t i c a l  development i s  

con ta ined  i n  t h e  sou rce  document ( 2 ) .  

To make t h i s  t echn ique  wide ly  a v a i l a b l e  t o  a broad range  o f  u s e r s ,  

Appendix B p rov ides  t h e  F o r t r a n  coding  f o r  a n  ex t remely  u s e r - f r i e n d l y  

in :e rac t ive  program. Unl ike  mzny commercial  so f tware  packages ,  t h e  needs  

o f  :he t y p i c a l  u s e r  have been a n t i c i p a t e d  t o  t h e  e x t e n t  t h a t  a u i d e  v a r l e z y  
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of  s t a t i s t i c a l  e s t i m a t e s  may be o b t a i n e d  d i r e c t l y  from t h e  p r i n t o u t  w i t h o u t  

t h e  need f o r  e x t e r n a l  t a b l e s  o r  s p e c i a l i z e d  e x p e r t i s e .  

To deve lop  t h e  f u l l  range  o f  t h i s  impor t an t  new t e c h n i q u e ,  a d d i t i o n a l  

r e s e a r c h  w i l l  be r e q u i r e d .  D e s i r a b l e  e x t e n s i o n s  o f  t h i s  work i n c l u d e  

r e g r e s s i o n  l i n e s  f o r c e d  t o  go through t h e  o r i g i n ,  v a r i o u s  c u r v i l i n e a r  

forms ,  m u l t i p l e  l i n e a r  r e g r e s s i o n ,  and X-er ror  p rocedures  coupled  wi th  

n o n l i n e a r  r e g r e s s i o n  t e c h n i q u e s .  
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Appendix A :  SENSITIVITY ANALYSES 

Computer s i m u l a t i o n  a n a l y s e s  were performed t o  d e t e r m i n e  how r o b u s t  

t h e  Mandel r e g r e s s i o n  p r o c e d u r e  was w i t h  r e s p e c t  t o :  (1) m i s - s p e c i f i e d  

lambda ( i . e .  t h e  r a t i o  o f  Y e r r o r  t o  X e r r o r  v a r i a n c e s ) ,  ( 2 )  s l o p e  

v a r i a t i o n s ,  and (3)  v a r i o u s  r a n g e s  of  X and Y o b s e r v a t i o n s .  I n  t h i s  

s i m u l a t i o n  t h e  t r u e  e q u a t i o n  s u b j e c t  t o  e s t i m a t i o n  was known, a l l o w i n g  t h e  

e f f e c t i v e n e s s  o f  t h e  Mandel p r o c e d u r e  t o  b e  gaged by m o n i t o r i n g  t h e  r a t i o s  

o f  t h e  mean p a r a m e t e r  e s t i m a t e s  t o  t h e i r  t r u e  v a l u e s .  A r a t i o  o f  1 .0  f o r  

t h e  s l o p e  p a r a m e t e r  would i n d i c a t e  t h a t  t h e  a v e r a g e  e s t i m a t e d  s l o p e  was 

c o r r e c t l y  e s t i m a t e d  a s  e q u a l  t o  t h e  t r u e  v a l u e .  A r a t i o  of  0 . 5 ,  on t h e  

o t h e r  h a n d ,  would i n d i c a t e  t h a t  t h e  a v e r a g e  e s t i m a t e d  s l o p e  was b i a s e d  

downwards b y  50 p e r  c e n t .  

T h i s  s e n s i t i v i t y  a n a l y s i s  r e q u i r e d  t h a t  t h e  Mandel p r o c e d u r e  b e  t e s t e d  

t h r o u g h o u t  t h e  range  of  p o s s i b l e  r e g r e s s i o n  a p p l i c a t i o n s .  T h i s  meant more 

t h a n  s i m p l y  t e s t i n g  s m a l l  and l a r g e  numbers. L i n e a r  s c a l i n g  of  t h e  X and T 

o b s e r v a t i o n s  may s u p e r f i c i a l l y  change t h e  a p p a r e n t  s l o p e  o f  t h e  r e p o r t e d  

r e g r e s s i o n  l i n e  b u t ,  i n  f a c t ,  l i n e a r  s c a l i n g  h a s  no e f f e c t  on t h e  a c t u a l  

r e g r e s s i o n  a n a l y s i s  i t s e l f  o t h e r  t h a n  c o s m e t i c  r e p r e s e n t a t i o n .  

C o n s e q u e n t l y  a more m e a n i n g f u l  c r i t e r i a  was deve loped  t o  t e s t  t h e  Nandel 

p r o c e d u r e .  

The key t o  t h i s  t e s t i n g  p r o c e d u r e  l a y  i n  t h e  development  of tr;o 

r a t i o s :  t h a t  o f  t h e  r a n g e  of  X o b s e r v a t i o n s  t o  t h e  r e s i d u a l  e r r o r  i n  x and 

t h a t  of  t h e  r a n g e  o f  Y o b s e r v a t i o n s  t o  t h e  r e s i d u a l  e r r o r  i n  Y. The 

s i g n i f i c a n c e  o f  t h e s e  r a t i o s  may be r e a d i l y  a p p r e c i a t e d  by t h e  s c h e m a t i c  

d i a g r a m  p r e s e n t e d  i n  F i g u r e  A l .  Consider  t h e  h y p o t h e t i c a l  c a s e  i n  which 

e r r o r  i s  t h r e e  times a s  l a r g e  a s  t h e  e r r o r  i n  Y .  An e x c e l l e n t  e s t i m a t e  o f  
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Figure A .  1. Schematic representation of the influrence the ratios @x/Sm-) 

and (bY/SYX) have on the estimation of Y=f(X) 
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t h e  Y=f (X)  r e l a t i o n s h i p  may be ob ta ined ,  even w i t h  OLS and r e g a r d l e s s  o f  

t h e  t r u e  s l o p e ,  p rovided  t h e  observed d a t a  spans  a range  s u b s t a n t i a l l y  

b roade r  than  t h e  p o t e n t i a l  e r r o r  i n  t h e  X v a l u e s .  That  i s ,  provided  t h e  

l o c u s  of  (X,Y)  coo rd ina te s  a t  one extreme end of t h e  Y = f ( X )  r e l a t i o n s h i p  i s  

s u b s t a n t i a l l y  d i s t i n c t  from t h e  locus  of (X,Y)  c o o r d i n a t e s  a t  t h e  o t h e r  

extreme end,  t h e  l i n e  p a s s i n g  through t h e  c e n t e r  of  t h e  two d a t a  masses 

w i l l  be  e a s i l y  i d e n t i f i a b l e  and more p r e c i s e l y  e s t i m a t e d  a s  t h e  two l o c i  

a r e  s e p a r a t e d .  

The r a t i o s  (DELTA X)/(SXY) and (DELTA P)/(SYX) d e s c r i b e  t h e  deg ree  t o  

which t h e s e  l o c i  a r e  o f f s e t  from one ano the r .  R a t i o s  o f  100 and 100 would 

be a s s o c i a t e d  wi th  r e l a t i o n s h i p s  so s t r o n g  t h a t  t h e y  may be well  e s t i m a t e d  

g r a p h i c a l l y .  R a t i o s  of  5 and 5 ( o r  lower)  would be a s s o c i a t e d  w i t h  

v i s u a l l y  more obscure t r e n d s .  Of course ,  r a t i o s  of  5 and 100 o r  any o t h e r  

magnitude and combination may a c t u a l l y  occur  and can a s  e a s i l y  be checked.  

The equa t ion  f i r s t  p re sen ted  i n  Table  1 of  t h i s  r e p o r t ,  Y = 100.0 + 

lO.O$:X, was used a s  t h e  nominal p o i n t  of d e p a r t u r e  f o r  t h i s  s e n s i t i v i t y  

a n a l y s i s .  Lambda was f i r s t  c o r r e c t l y  s p e c i f i e d ,  t h e n  ove r  and under  

e s t ima ted  by a f a c t o r  o f  two, and then  over  e s t i m a t e d  by a f a c t o r  o f  t e n  

thousand ( e s s e n t i a l l y  i g n o r i n g  X e r r o r  and approximat ing  an OLS a n a l y s i s ) .  

One thousand da ta  sets  each  f o r  t h e  sample s i z e s  o f  10 ,  30 and 100 ( X , Y )  

coo rd ina te  p a i r s  were gene ra t ed  under a v a r i e t y  of  (DELTA X)/(SxY) and 

(DELTA Y)/(SYX) c o n d i t i o n s .  The Mandel r e g r e s s i o n  procedure  was a p p l i e d  t o  

each  da ta  s e t ,  and t h e  accuracy  of t h e  parameter  e s t i m a t e s  was monitored a s  

p r e v i o u s l y  descr ibed .  A d d i t i o n a l l y ,  a t a l l y  was k e p t  t o  e m p i r i c a l l y  

determine t h e  frequency w i t h  which t h e  t r u e  parameter  v a l u e s  f e l l  o u t s i d e  

t h e i r  e s t ima ted  95 p e r c e n t  confidence l i m i t s .  Then, f o r  even more extreme 

c o n d i t i o n s ,  t h e  e n t i r e  s e n s i t i v i t y  a n a l y s i s  was reproduced wi th  t h e  s l o p e  
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b o t h  i n c r e a s e d  and d e c r e a s e d  f i f t y - f o l d ,  u s i n g  t h e  t r u e  r e l a t i o n s h i p s  of  

Y = 100 + 500.0f;X and Y = 100 + 0.2%) r e s p e c t i v e l y .  P a r t i a l  r e s u l t s  from 

t h e s e  i n v e s t i g a t i o n s  a r e  p r e s e n t e d  i n  Tables  A 1  and A2. 

S e v e r a l  g e n e r a l  conc lus ions  may be drawn from t h i s  s e n s i t i v i t y  

They a r e :  

P r o p e r l y  u s e d )  t h e  Mandel procedure  i s  a c c u r a t e  and g e n e r a l l y  

r e l i a b l e  r e g a r d l e s s  of t h e  d a t a ' s  v a r i a b i l i t y .  

P rope r  use  o f  t h e  Mandel procedure  produces s i g n i f i c a n c e  l e v e l s  

q u i t e  c l o s e  t o  t h e  nominal l e v e l  s p e c i f i e d .  Apparent ly  t h e  

S t u d e n t  t d i s t r i b u t i o n  used f o r  t h i s  approximat ion  i s  v e r y  c l o s e  

t o  t h e  as-yet-unknown s t a t i s t i c a l  d i s t r i b u t i o n  a p p r o p r i a t e  f o r  

t h i s  s t e p .  

The i n t e r c e p t  a p p e a r s  t o  be t h e  most s e n s i t i v e  o f  a l l  e s t i m a t e d  

p a r a m e t e r s ,  e s p e c i a l l y  when t h e  o r i g i n  l i e s  s u b s t a n t i a l l y  o u t s i d e  

t h e  d a t a  r ange .  This  i s  i n t u i t i v e l y  a n  expec ted  r e s u l t ,  however,  

a s  i n  such  c a s e s  t h e  i n t e r c e p t  i s  a n  e x t r a p o l a t e d  v a l u e .  Thus 

t h i s  s e n s i t i v i t y  i s  n o t  cons ide red  t o  r e p r e s e n t  a s i g n i f i c a n t  

shor tcoming.  

M i s - s p e c i f i c a t i o n  o f  lambda has  r e l a t i v e l y  l i t t l e  e f f e c t  i n  

deg rad ing  t h e  accu racy  of  s l o p e  pa rame te r  e s t i m a t e s ,  e s p e c i a l l y  

when t h e  d a t a  s p r e a d  i s  l a r g e  r e l a t i v e  t o  t h e  i n h e r e n t  e r r o r .  

The i n t e r c e p t  e s t i m a t e s  a r e  somewhat more a f f e c t e d ,  e s p e c i a l l y  

when t h e  o r i g i n  l i e s  we l l  o u t s i d e  t h e  range  of  t h e  d a t a .  

M i s - s p e c i f i c a t i o n  o f  lambda n e c e s s a r i l y  b i a s e s  a t  l e a s t  one o f  

t h e  e r r o r  e s t i m a t e s  - - e i z h e r  SIX o r  SXT, o r  b o t h .  T h i s  i s  

m a t h e m a t i c a l l y  unavo idab le .  

i 
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6)  Parameter  e s t i m a t e s  u s i n g  OLS when t h e  PIandel p rocedure  i s  

a p p r o p r i a t e  ( i . e .  ) ext reme m i s - s p e c i f i c a t i o n  o f  lambda,)  may be  

g e n e r a l l y  t o l e r a b l e  p r o v i d e d  t h e  d a t a  sp read  i s  l a r g e  r e l a t i v e  t o  

t h e  i n h e r e n t  v a r i a b l i l i t y  

7 )  I n f e r e n c e s  about  e s t i m a t e d  pa rame te r s  become p r o g r e s s i v e l y  l ess  

r e l i a b l e  a s  t h e  deg ree  t o  which lambda i s  m i s - s p e c i f i e d  

i n c r e a s e s .  I n  t h e  most extreme c a s e ,  where t h e  procedure  

e s s e n t i a l l y  d e f a u l t s  t o  OLS, n o t  on ly  a r e  t h e  nominal r i s k  l e v e l s  

u n d e r s t a t e d  b u t  t h e y  become p r o g r e s s i v e l y  worse a s  t h e  sample 

s i z e  i s  I n c r e a s e d .  

I n  summary, Lhese s e n s i t i v i t y  t e s t s  t end  t o  conf i rm t h a t ,  p r o p e r l y  

u s e d ,  t h e  Mandel r e g r e s s i o n  p rocedure  i s  and a c c u r a t e ,  p r e c i s e ,  and 

power fu l  t o o l  ove r  a ve ry  broad  range  of  p o t e n t i a l  a p p l i c a t i o n s .  While i t  

can  h a r d l y  be recommended t h a t  any t o o l  be misused ,  it a l s o  appea r s  t h a t  

t h i s  p a r t i c u l a r  r e g r e s s i o n  p rocedure  i s  modera te ly  f o r g i v i n g  of  i n a d v e r t a n t  

a b u s e .  Thus i t  i s  h i g h l y  recommended f o r  immediate implementa t ion  wherever 

a p p r o p r i a t e .  
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O R .  JOIlN M A N O L L  NA1 I O N A L  OUREAU OF STANDARDS 

W I I I I  T l K  A S S I S T A N C F  OF R I C H A R D  
J t R S t Y  O L I ’ I .  01 I N A N S I ’ O H I A r I U N  

T I 1 1 5  S\JOROUTINC E S T I M A I L S  A N I I .  0 P T I O N A L I . Y .  
R E L E V A N T  P A R A M E T E R S  OF T I I E  R E G R E S I U N  L I N E S  
WIICN U O T I I  X AN11 Y V A R I A t l L E S  ARE S U U J E C T  TO 

R F P O R T S  1 l I E  

MA NOOO 30 
M A N 0 0 0 4 0  
M A N 0 0 0 5 0  MAN00060 

MA N O 0 0 7  0 
MA N O 0 0 8  0 
MA N O 0 0 9 0  
M A N 0 0 1 0 0  
M A N O O l  1 0  
M A N O O l  20 
MANOO 1 30 

WEED, M A N O O 1 4 0  
MANOO 150 
M A N 0 0  160 
MANOO 170 

MANOO 1 9 0  
M A N 0 0 2 0 0  
M A N 0 0 2  10 
M A N 0 0 2 7 ”  

MANOO 1 a0 

.” 
Y i F ( X ) - A N l )  X = F ( Y )  M A N 0 0 2 3 0  
MEASUREMENT t H R O R . M A N 0 0 2 4 0  

M A N 0 0 2 5 0  
MA N O 0 2  60 
MA NU02 70 
M A N 0 0 2  Pn 

A S  TI IE  X I -RROR AI’ f ’KOACtIES 7 F R O .  T I IE  E S T I M A T F O  I N T E R C E P T  AND 
51 OPE PAHAME f LIZS PROOUCLO 11Y MAN0f.L A ~ ’ 1 ~ 1 ~ ~ 1 A C l l  I I I E  V A L l J E S  
1’1100UCED B Y  C O N V E N T I O N A L  O R D I N A R Y  L E A S 1  SQLJARCS 1 E C l l N l Q U E S  

I I I E  SOURCE DOCIJMCNT FOR T I l E  U N D E R L Y I N G  TI IEORY IS ‘ F I T T I N G  
S T R A I G H T  L I N E S  WIIEN B O T H  V A R I A B L E S  ARE S U B J E C T  T O  ERROR’ BY 
DR. J O H N  M A N U E L  AND P l J R L I S t I E D  I N  TlIE J O U R N A L  OF O U A L I T Y  
TCCl iNOLOGY.  V O L .  16, N O .  1 .  JANUARY 1 9 8 4 .  

F U R T I I E R  D I S C U S S I O N  OF T H E  X ERROR P R O B L E M  IS P R E S E N T E D  I N  
’ A P I ’ L I E O  R E G R E S S I O N  I N  T H E  P R E S E N C E  OF X - E R R O R ’  
13Y R I C A R D O  RARRCIS AN11 R l C t i A R O  WEED OF T H E  NEW J E R S E Y  
DEPARTMENT Or 1 RANSI’OR 1 A T  I O N .  

T I i I S  S U B R O U T I N E  R E Q U I R E S  L E S S  T H A N  0 . 2  SECONDS TO E S T I M A T E  
R E G R E S S I O N  P A R A M E T E R S  FOR A N  ARRAY OF 1 0 0 0  ( X . Y )  D A T A  
O D S E R V A T I O N S  ON A N  I8M 3 0 8 1 .  

V A R I A D L E  D I C T I O N A R Y  _ _ _ _ _ _ _ _ - - _ _ _ _ _ _ . . - -  

C A L L I N G  ARGUMENTS:  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ -  

N NUMRER OF ( X . Y )  C O O R O I N A T E S  I N  SAMPLE 
N O T E :  M A X I M U M  N - 1 0 0 0 .  

_- 
M A N 0 0 2 9 0  
M A N 0 0 3 0 0  
M A N 0 0 3  10 
M A N 0 0 3 2 0  
MA N O 0 3  30 
M A N 0 0 3  4 0 
M A N 0 0 3 5 0  
MANOO 360 
M A N 0 0 3  7 0 
M A N 0 0 3 8 0  
MA N O 0 3  90 
M A N 0 0 4 0 0  
M A N 0 0 4  10 
M A N 0 0 4 2 0  
M A N 0 0 4  3 0  
M A N 0 0 4 4 0  
MA N O 0 4  50  
MA NO04 ti0 
M A N 0 0 4 7 0  
M A N 0 0 4 8 0  
M A N 0 0 4 9 0  
MA N O 0 5 0 0  
M A N 0 0 5  10 
M A N 0 0 5  20 
M A N 0 0 5 3 0  
M A N 0 0 5  4 0 
M A N 0 0 5 5 0  

. ,,+.I.. , , : ”. ’ . 

P A G E  00001 
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C 
c 
C 
C 
C 
C 
c 
c 
c 
t: 
C 
C 
C 
C 
C 
C 
C C 

C c 
c 

c 
(: 
c 
c; 
C 
c 
C 
C 
C 
c 
c c 
C 
c 
c 
C 
C 
C 
C c: 

C 
C 
C 
C 
c 
C 
C 
c 
C 
c 
c 
C 
(: C 

X T I IE  O N E - D I M E N S I O N A L  ARRAY OF X O U S E R V A T I O N S .  

Y r l I E  O N E - D I M C N S I O N A L  ARRAY OF Y O B S E R V A T I O N S .  

VXY TI IE  R A T I O  O F  T l l E  P R E C I S I O N  V A R I A N C E S  I N  MEASURED 
V A L U E S  OF X AND Y .  V X Y = V A R ( X ) / V A R ( Y ) .  

121 1 0  C O I ~ I ~ T . L A I I [ l N  01’ X E R R O R  WIT11 Y E R K O R .  
0.0 < =  RIIO < =  1.0. Rl IO=  0 . 0  WIIEN X AND Y ERRORS 
A R E  INI)Ef ’ENI)ENT. 

P R I N T  A N  I N D I C A l O I l  VAK1AUI .E I ) E I l I 2 M I N I N ( ;  W I I I  I l l L l l  
ESTIMATED P A R A M E T E R S  A R E  T O  nE R E P O R T E D  A T  U S E R ’ S  
T E R M I N A L .  S C T T I N G  P R I N T 2 0  S U P P R E S S E S  DIJTPUT. P R I N T =  
D I S P L A Y S  E S I  I M , I I E S .  I N  E I T I I C R  C A S E .  A L L  PARAMETER 
E S T I M A T E S  ARE A V A I L A B L E  I N  COMMON S P A C E .  

A 1  I ’ I I A T  ( ’ A 1  I ’ I I A  I I A T ’ )  E S T I M A T E D  I N T E R C E P T  OF R E G R E S S I O N  
I. I NI. , 

L 3 E l I I A T  ( ’ l % I I l A  I l A r ’ )  E S T I M A T C I )  SI.01’E OF R E G R E S S I O N  L I N E .  

S T D A L P  ( ‘ S T D .  D E V .  SUf3 A L P I I A  H A T ’ )  STANOARD ERROR OF 
I N T E R C E P r  ESTIMATE. 

S l l ) H F T  ‘ST I ) .  D F V .  Slln B E T A  I t A r ’ )  S I A N D A R D  ERI<OI? 
O F  SLOPE E S I I M A T E .  

SI1)1)1.1 ( ’ S l l ) .  O I V .  Sllfl I )FI .TA’ ) E S T I M A T E D  P R E C I S I O N  
OF X M t A S U H L M t N I S .  

S T D E P S  ( ’ S T D .  D E V .  SlJB E P S I L O N ’ )  E S T I M A T E D  P R E C I S I O N  OF 
Y MEASUREMENTS.  1 I i E  R E S I D U A L  EHHOH I N  C O N V E N F I O N A L  
O R D I N A R Y  L E A S T  SOARES PROCEDURE.  

8 S L O P E  E S T I M A T E .  

K TANGENT OF ANGLE ALONG WIi ICI-1 R E S I D U A L S  M I N I M I Z E D  

UK 1 M A N D E L ’ S  S T A T I S f I C  G A U G I N G  N E C E S S I T Y  FOR S U B R O U T I N E  
M A N D L L  I N  P L A C E  OF O R D I N A R Y  L E A S T  SOIJARES PROCEDURE.  

xo A T U I l J R E  MI:ASIJREO X V A L U E .  

YO TIIE I ’ H C D I C T E O  Y V A L U E  G I V E N  XO. 

S T D V Y O  STANDARD ERROR OF P R E D I C T E D  YO. 

M A N 0 0 5 6 0  
M A N 0 0 5 7 0  
M A N O 0 5 8  0 
M A N 0 0 5 9 0  
MA N O 0 6 0 0  
M A N 0 0 6  10 
M A N 0 0 6  2 0 
M A N 0 0 6 3 0  
M A N 0 0 6  4 0 
M A N 0 0 6 5 0  
M A N 0 0 6 6 0  
M A N 0 0 6 7 0  
M ANOOG I jL )  

1 MA N O 0 6  90 
MA N O 0  7 00 
M A N 0 0 1  1 0  
M A N U 0 7 2 0  
M A N 0 0 7 3 0  
M A N 0 0 7 4 0  
M A N 0 0 7 5 0  
MA N O 0 7  60 
MAE1007 7 0  
M A N 0 0 7 8 0  
M A N 0 0 7  90 
M A N 0 0 0 0 0  
M A N 0 0 0  1 0  
M A N 0 0 8 2 0  
M A N 0 0 8 3 0  
M A N 0 0 8 4 0  
M A N 0 0 8 5 0  
MA N O 0 0  60 
M A N 0 0 8 7 0  
MANOOBRO 
M A N 0 0 8 9 0  
M A N 0 0 9 0 0  
M A N 0 0 9  1 0  
M A N 0 0 9  2 0 
M A N 0 0 9 3 0  
M A N 0 0 9  4 0  
M A N 0 0 9 5 0  
MA N O 0 9  60 
MA NO09 7 0 
MA N O 0 9 8 0  
M A N O 0 9 9 0  
MANO 1 0 0 0  
MANO 1 0  1 0  
M A N 0 1 0 2 0  
MANO I030 
M A N 0 1 0 4 0  
MANO 1050 
M A N 0 1 0 6 0  
MANO I070 
MANO 1 0 8 0  
MANO 1 0 9 0  
MANO I 1 0 0  

PAGE 0 0 0 0 2  
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C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C c 
C 
c 
c 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C t: 

C 
C 
C 
C 
C 
C 
c 
(: (: 

C c: 

c 
C 

c: 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
(; 

s I Ilt 

SSlIU 

ssvv 

c I -c5 

ALP112 

D E T I I Z  

S I OAl. 2 

51002 

S1 DO2 

S l O E P 2  

u2 

K 2  

BK2 

Y 0 

xo 

( ’ S r I l V .  D E V .  SIJR I:‘) STANI)ARD ERROR OF E S T I M A T E  O N  
1 UANSFOI IMEU S C A L E .  

SUMS OF SQUARES.  TRANSFORMED V A R I A B L E  U.  

SUMS OF SOlJARES,  TRANSFORMED V A R I A B L E  V .  

C O N V E N I E N T  I N l E R M E D I A T E  V A R I A U L E S  U S E D  TO C A L C U L A T E  
STANI IARO ERROR OF E S T I M A T L  IFOR F U T U R E  V A L U E S .  

X = F ( Y )  
- - - - - -  

( ’ A L P I I A  I l A 7  2 ‘  ) E S T I M A T E D  I N T E R C E P T  OF R E G R E S S I O N  
L I N E .  

( ’ B E T A  I l A r  2 ’ )  E S l I M A r E U  S I U P E  OF R E G R E S S I O N  L I N E .  

( ’ S l l ) .  D K V .  Sllll A l  I ’ I I A  2 ’  SIANI)ARD ERROR OF 
I N T E R C E P r  E S T I M A T E .  

( ‘ S T D .  U E V .  SUB B E T A  2 ‘ )  S T A N D A R D  ERROR OF 
S L O P E  E S l  I M A T E .  

( ’ s ro .  D E V .  SLJB D E L T A  2 ’ )  ESTIMATED PRECISION OF 

( ‘ S T D .  D E V .  sua EPSILON 2 ’ )  ESTIMATED PRECISION OF 

T I I E  Y MEASUREMENTS.  

T I I E  X MEASUREMENTS.  

Sl.0I’C L S I I M A I I .  

TANGENT OF ANGLE ALONG W I I I C I I  R E S I O U A L S  M I N I M I Z E D .  

M A N O E L ‘ S  S T A T I S T I C  G A I J G I N G  N E C E S S I T Y  FOR S U B R O U T I N E  
M A N D E L  I N  P L A C E  OF O R D I N A R Y  L E A S . l  SQUARES PROCEDURE 

A roiiti1f. MCASIIIIFD Y VAI-LJE. 

I I I E  I ’ R t U 1 C I l . U  X VAt.lJk (4IVI.N YO. 

s i D v x o  STANUARD ERROR or PREDICTED xo. 

C l l N ?  ( ’ 5 1 1 )  I)I V SLII1 T 2 ’ )  STANI)ARI) ERROR O r  E S T I M A T E  O N  
I R A N 5 1  UIIML I )  X A I  L 

SSIJU2 SUMS OF SOUARES 2 .  TRANSFORMED V A R I A B L E  1J 

S S V V 2  SUMS OF SQUARES 2 .  TRANSFORMED V A R I A B L E  V 

C ( > - C I O  C O N V T N I I N T  I N T F R M C D I A T E  V A R I A R L f S  U S E 0  TO C A L C U L A T E  
S7ANI)ARD r R R ( I R  OF ESTlMAlE FOR TIJTURE V A L U E S .  

M A N 0  
MANO 
MANO 
MANO 
MANO 
MANO 
MANO 
M A N 0  
MANO 
MANO 
MANO 
MANO 
M A N 9  
MANO 
M A N 0  
M A N 0  
M A N 0  
M A N 0  
M A N 0  
MANO 

110 
1 2 0  
1 3 0  
1 4 0  
150 
160 
1 7 0  
1 8 0  
190 
2 00 
2 1 0  
2 2 0  
2 30 
2 4 0  
250  
2 6 0  
2 7 0  
280  
290  
300 

MANO 13 1 0  
MANO 1 3 2 0  
MANO 1 3 3 0  
MANO 1 3 4 0  
MANO 1 3 5 0  
M A N 0  I 3 6 0  
MANO 1 3 7 0  

MANO 1 3 9 0  
MANO 1400 
M A N 0 1 4 1 0  
MANO I4 3 0  
MANO 1 4  30  
MANO 1 4 4 0  
M A N 0 1 4 5 0  
MANO 1460 
MANO 1 4 7 0  
M A N 0  1 4 8 0  
M A N 0 1  4 9 0  
MANO I % ) ( )  
M A N 0 1 5  IU 
M A N 0 1 5 2 0  
M A N 0  I 5 3 0  
M A N 0  1 5 4 0  
MANO 1550 
MANO l!i(>O 
MANO 15-10 
MANO 1 5 8 0  
MANO 1 5 9 0  
MANO 1 6 0 0  
M A N 0 1 6 1 0  
MANO 1620 
M A N 0 1 G 3 0  
M A N 0 1 6 4 0  

MANO I 380 

1 3 0 1 1 1  Y = F ( X )  AND X = F ( Y )  MANO 1 6 5 0  

I 

W 
W 

I 

, . I  
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(: 
C 
C 
C 
C 
c 
C 
c 
c 
C 
C 
c 
c 
C 
C C 

C C 

C c 

C 
c 
C 

C 

c 
c 
C 
C 
C 
C 
C 
C 
c 
c 
C 
C 
C 
c 
c 
C C 

C c 
C 

C 

A U X I L L A U Y  SIJ l3 I I I lUTINCS AND H t Q U l H t U  A R t i U M L N l S  I U L L O W .  

SUI1I?OUT I N E  R E P O R T  ( N ,  X ,  Y , Rt10)  

WtIERE C A L L I N G  ARGUMENTS ARE SAME A S  ABOVE.  T H I S  
SUUROLJI I N E  C O N r A I N S  l--ORMAT S T A l E M E N T S  NECESSARY 
TO I ’ R I N I  (It11 I ’ A U A M C l E R  E S T I M A T I I S  ANI) M A K E S  USE O F  
COMMON S P A C E .  

SIJ I IROIJTINE CUNF l ( N )  

WtlEl lE N I S  TI IE SAMI’LK S I Z E .  1111s S U U I I O U r I N C  
E S T I M A T E S  AND R E P O R T S  T H E  C O N F I D E N C E  I N r E R V A L S  FOR 
T I I F  S L O P E ,  1NTERCl. I ’T.  AND R E S I D U A L  ERROR P A R A M E T E R S  AND 
M A K E S  LJSE OF COMMON S P A C E .  

S U B R O U T I N E  C O N F 2 ( N , I N P U T )  

WIIERE N I S  T l l E  SAMPLE S I Z E  A N 0  I N P U T  IS  T l l E  MENlJ 
S E L E C T I O N .  T t I I S  SIJBAOOT1NE E S T I M A T E S  AND R E P O R T S  
C O N F I D E N C E  I N I E R V A L S  FOR Y A T  S E L E C T E D  V A L U E S  OF X 
A N 0  V l C E  V E R S A .  I T  A L S O  M A K E S  U S E  OF COMMON S P A C E .  

1 I A U L E ( N 1 ) I : .  1 , A l - ! L A , M O l ~ l i )  

WtIERE T T A B L E  R E F E R S  TO S T U D E N T  T O I S T R I B U T I O N  A N 0  
NUF = DEGl lEES O F  FREEDOM. 
T = S T U O I N T  T S T A T I S T I C ,  
AREA = A U l i A  MEASURED FHOM L E F l  S I D E  OF O I S T R I B U I I O N .  
MODE = 1 FOR T I N  A N D  AREA O U T .  AND 
MOI)E=2 F O R  A R K 8  I N  AND T O U T .  

SUI3l-!UlJI I N E  

SUI3IIOUl I N E  C S T A U L ( N D F  . C 1 I l S O , A R E h . M O O E )  

MANO f 760  
M A N 0  1 7 7 0  
MANO 1780 
MAtIO 1790 
MANO I 0 0 0  
MANO 18 1 0  
M A N 0  1 0 2 0  
MANO 1 030 
M A N 0 1  0 4 0  
MANO 1 850 
MANO 1 0 6 0  
MANO 18 7 0  
M A N 0 1 8 0 0  
M A N 0 1 8 9 0  
MANO 1900 
MANO 19 10 
M A N 0 1 9 2 0  
MANO 1930 
MANO 1 9 4 0  
MANO 1950 
MANO 1 9 6 0  
M A N 0  1 9 7 0  
MANO 1980 
M A N 0 1 9 9 0  
M A N 0 2 0 0 0  
M A N 0 2 0  10 
M A N 0 2 0 2 0  
M A N 0 2 0 3 0  
MA N O  2 0 4  0 
M A N 0 2 0 5 0  
M h N 0 2 0 6 0  
M A ? I 0 2 0 7 0  
M A N 0 2 0 8 0  
M A N 0 2 0 9 0  
M A N 0 2  1 0 0  
M A N 0 2  1 1 0  
M A N 0 2  1 2 0  
M A N 0 2  1 3 0  
M A N 0 7  1 4 0  
M A N 0 2  I50 
M h N 0 2  1 6 0  
M h N 0 2  1 7 0  
M A N 0 2  1 8 0  
M A N 0 2  190 
M A N 0 2 2 0 0  
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C 
C 

C 
c 
C SIJI3HDU I1 N E  
c 

M A N 0 2 2  10 
WtIERE Z l A R l  L: I l C F C R S  T O  T l l E  NORMAL D I S T R I B U T I O N  AND M A N 0 2 2 2 0  
2 = T t I E  2 - S C O R E  S T A T I S T I C  M A N 0 2  2 30 
AI IEA = A R E A  MEASIJRCD FROM L E F T  S I D E  OF O I S T R I B U T I O N .  M A N 0 2 2 4 0  

M A N 0 2 2 5 0  
MODE = 2 FOR AREA I N  AND 2 - S C O R E  S T A T I S T I C  O U T .  M A N 0 2 2 6 0  

M A N 0 2 2 7 0  
M A N 0 2 2 0 0  

S T A T ( Y , N . A V G Y . S D Y . Y M I N , Y M A X . Y S K E W , Y K U R T )  M A N 0 2 2 9 0  
M A N 0 2 3 0 0  

MODE 2 1 FOR 2 - S C O R E  S T A T I S T I C  I N  AND AREA OUT. 

C 
C 
C 
c 
C 
C 
c 
C 
C 
c = =  
C 

1 

c 
c 
c 

10 

WI1ERE 1 l i E  F O L O W I N G  O E S C R I P T I V E  S T A T I S T I C S  ARE 
G E N E R A T E D  FOR THE N O E S E R V A T I O N S  OF T H E  ARRAY Y :  
AVGY = AVERAGE 
SDY = 5 I ANI)AI l I )  O f  V 1 A 1 I O N  
Y M I N  = M I N l M l l M  V A L U E  
YMAX = MAXIMIJM V A L U E  
YSKFW = SKEW S I A T I S T I C  
Y K U R I  = K U R T O S I S  S T A T I S T I C  

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

SllRl2I)UT I N E  
COMMON A L P H 2 .  ALPIIAT .I3 .E2 ,  UE TH2. B E T H A 7  . B K i  . B K 2 ,  

MANDEL (N.  X ,  Y ,  VXV . R l t f l ,  P R I N T  ) 

* C  I .C2, ‘23. C 4 ,  C 5 .  C G ,  C 7 ,  C U ,  C9, C 1 0 .  K ,  K 2  . Q l l A N l .  
* 0 1 1 A N 2 , O ~ J A N 3 , Q U A N 4 ,  OUANS . O U A N 6 ,  S I IMX,  SUMY . SSUU.  S S U U 2 ,  S S V V 2 ,  
* S S V V . S S X X . S S X Y . S S Y Y , S ~ ~ A L 2 , S l O A L P . S T 0 0 2 , S T D ~ E T , S T ~ O 2 , S l O O L T ,  
+ S I D E .  S l U E 2 .  S l I ) E P 2 ,  5 T D E I ~ S . S l L J V X O .  S T O V Y O .  TI IETA.  T I E  1 A 2 .  VARXY,  
* V A R Y X . X O . X B A R . Y O . Y R A R  

PREC I S i O N  A L P t 1 2 ,  ALI’IIA 1.  B ,  0 2 ,  B E T H 2  ,BET H A T ,  
* C 1 , C 2 . C D . C 4 . C 5 , C 6 . C ~ ~ C ~ , C 9 . C l O . K Z . P R I N T , O U A N l .  
* i ) l JAN2.  Q U A N 3 ,  W A N 4  . O l J A N 5 ,  OIJANG , SLlMX , SIJMY , SS(II1. SS11112, S S V V 2 ,  
* S S V V .  S S X X ,  S S X Y ,  S S Y Y ,  S T D A L 2 ,  S I U A L P .  S l O l 3 2 ,  S I D f ? E T ,  SlL)1)2, SIDI )LT ,  
* S T D E . S I D E 2 . S T D E P 2 . S T O E P S . S 1 O V X O . S T D V Y O . T t i E T A . T I i E T A 2 . V A R X Y .  
* VARY X , XO , XI3 A R , Y 0 ,  Y I3 A R 

D O U B L E  

R E A L  ~ K l . E K 2 . U ( 1 O O O ) . V ~ 1 O O O ~ , X ~ N ~ . Y ~ N ~  
CON T I N U €  
I F ( V X Y . L E . O . ) G O  T O  30 
IF(N.LT.3.0R.N.GT.lOOO)GO TO 4 0  
I F ( H I 1 O . L T . O .  . O K . R I t O . G I .  l . ) W  1 D  50  

I N 1  I I A I . I L E  AN11 I ) t I E I 2 M I N l .  G L N L H A C  S I A T I S T I C S  

SI IMX=O.  
SLIMY = O .  
l ) f l  1 0  I - 1 . N  
S U M X = S U M X t X (  I )  
SUMY =S\JMY I Y ( 1 
X H A K = S I I M X / F L O A T  ( N )  
Y L1A I< =: SIJMY / I- L D A 1 ( N ) 
V A H X Y - V X Y  
V A l l Y X *  I .  / V A R X Y  
1 I I E  I A = O .  
I I’ ( 1 < 1 1 0 .  G I  , 0 .  ).I I l E  I A = R l l l ~ ~ f ~ S Q l <  1 ( V A R Y X  ) 
I l l 1  I A 2 - 0 .  
I f  ( It110. GI. 0 ,  ).I1 I E l  A 2 = R l I O  +I)SC)R I ( VARXY ) 

M A N 6 2 3  1 0  
MA N O 2  3 2 0  
MA N O 2  3 30 
MA N O 2  3 4 0 
M A N 0 2 3 5 0  
M A N 0 2 3 6 0  
M A N 0 2 3 7 0  
M A N 0 2 3 0 0  
M A N 0 2 3 9 0  

= M A N 0 2  4 0 0  
M A N 0 2 4  1 0  
M A N 0 2  4 2 0  
M A N 0 2  4 30 
MA N O 2  4 4 0 
M A N 0 2 4 5 0  
M A N 0 2 4  60 
M A N 0 2 4 1 0  
M A N 0 2 4 0 0  
M A N 0 2 4 9 0  
M A N 0 2  500 
M A N 0 2 5  1 0  
M A N 0 2  520  
M A N 0 2 5 3 0  
M A N 0 2  5 4 0  
M A N 0  2 5 50 
M A N 0 2 5 6 0  
M A N 0 2  570 
M A N 0 2 5 8 0  
M A N 0 2 5 9 0  
MA N O  2 600 
M A N 0 2 6  10 
M A N 0 2 6 3 0  
M A N 0 2 6 3 0  
MA N O  2 G 4 0 
MA N02 6 50 
MA N O 2  660 
M A N 0 2 6 7 0  
M A N 0 2 6 8 0  
M A N 0 2 6 9 0  
M A N 0 2  700 
M A N 0 2 7  1 0  
M A N 0 2 7 2 0  
M A N 0 2 1 3 0  
MA NO2 7 4 0 
M A N 0 2 7 5 0  



F I I 1  M A N I ) I I  I I l I 1 1 R A N  A NrW \ I I H S r Y  I l f I ~ A R l M l N T  O F  l I 1 F A S I J R Y  - 111113 O A T A  C E N T E R  P A G E  00006 

S S X X - 0 .  
S S Y Y = O .  
S S X Y  =o. 
110 2 0  I = 1 ,N 
S S X X = ( X ( l ) - X U A R  
S!;Y V = ( Y ( I ) - YBAR 

?O ‘J!;XY ( X (  I ) - X U A I ?  
c. 

+ $7 cssxx 
* * 2  + S S Y V  
+ ( Y ( I ) - YI3AII + S S X Y  

C C A L C U I . A I E  P A R A M E T E R  C S T I M A T t S  F U R  V = F ( X  
C 

QlJAN 1 = ( V A R Y X * S S X X - S S Y Y  ) * * 2 - 4 .  * ( V A R Y X  

OIJAN 1 =DSORT ( W A N  1 ) 
O l I A N 2 = S S Y  V - V A R Y X *  S S X X  
OlJhN3=:!. ( S S X Y  * V A I I Y X  - SSY Y 0 1 I I E T A  ) 
K -  ( W A N 2  1 OlJAN I ) / O l J A N 3  
U = ( S S X Y I K * S S Y Y ) / ( S S X X i K * S S X Y )  
S S I I I I = S S X X i 2 .  * K * S S X Y t K * K * S S Y Y  
s :;vv= I3 * 1< ssxx - 2 .  *U * 5sx Y + s 5 Y Y 
S T O I : = 1 ~ S O R T ( S S V V / ( F I . f l A I  ( N - 2 ) ) )  

.SSXY 

M A N 0 2 7 6 0  
M A N 0 2 7 7 0  
M A N 0 2 7 0 0  
M A N 0 2  790  
M A N 0 2  800 
M A N 0 2 0  10 
M A N 0 2  0 2 0  
M A N 0 2 8 3 0  
M A N 0 2  0 4 0  
M A N 0 2  0 50 

S S X V - S S  Y Y * 1 I I E  I A ) ( T H E  T A * S S X X  - M A N 0 2  060 
M A N 0 2  0 7 0  

R E  LA 1 1 ONSI  I I I’ 

i 

S I [)DL I = S 1 DE /DSORT [ I3 * * 2 t VARY X - 2 .  *B * T I  IE T A ) 
S 1 L ~ C P S = S l I ~ O l . l * D S ~ R I  ( V A R Y X )  
STOAI.f’=DSQRT[ 1 . / F L O A T ( N ) i  ( X R A R * X B A R * (  1 .  t K * R ) * * 2 ) / S S U U ) * S T D E  
S I I ) I 3 E l  = ( D A B S (  I .  + K * U ) / O S O H l  ( S S U U )  ) * S T D E  
U E T I 1 A T = B 
A I  PI IA I = V U A R  - B E T t I A l  * XBAR 
I i K I - K * I 1  

C 
C C A I  (:IJLATC P A R A M E T E R  E S T I M A T E S  FOR X = F ( Y )  R E L A T I O N S t I I P  
C ( N O T E  S I I F f I X  ’ 2 ‘  A T T A C l l E U  TO V A R I A B L E  N A M E S )  

()1JAN4=( VAHXY * S S Y Y - S S X X )  + * 2 - 4 ,  1 ( V A R X Y  * S S X Y - S S X X +  T l l C l A 2 )  * ( T I l E T A 2 ’  
* S S Y Y - S S X Y )  

O U A N 4 = D S O R T ( O U A N 4 )  
O U A N S = S S X X  - V A R X Y  * S S Y  Y 
Q l J A N 6 = 2 .  * (  S S X Y * V A R X Y - S S X X * T l l C T A 2 )  
K 2 =  ( W A N 5  t O U A N 4  ) /O I IANG 
l 3 2 = ( S S X Y i K 2 * S S X X ) / ( S S Y Y i K Z * S S X Y )  
I I K % = K 2 * 1 1 2  
S S W J 2 = S S Y Y  1 2 .  * K 2 * S S X Y + K Z * K 2 * S S X X  

S T O E 2 = O S O R T ( S S V V 2 / ( F L O A T ( N - 2 ) ) )  
S 1002 = S T D E 2 / O S Q R T  ( 8 2  * 2 t VARXY - 2 .  *B2 * T I  IE T A 2  
S I 1)11’2 = S1 l)D2 * I>SOR T ( VARXY ) 
S I l l A l . ~ ? = O S O l ~ T  [ I . / I I  O A  I ( N ) I ( YHAR + YI3AR * ( 1 , I K 2  * I37 ) * + 2 ) / S S U U 2  ) * S T I I E  2 
S 1 11112 2 ( OAUS ( I . i K2 82 ) / U S l ~ I I l  ( SSIIIJ2 ) ) + S 1 111.2 
0 E -I I 12 = 0 2  
A1.PI I2  =XOAI? - R E T I 1 2  YRAR 
YO= ALP1  ( A T  1 UE T I  I A  T * XO 
C 1 =Y RAR - B E  T l l A T  * XBAR 
C 2 = 1 l E I t I A T  
(:3= ( I l C  I l l A  I +STOI)L r ) * * 2  bSTI1E * S r f J E / l  L C l A T ( N )  
C 4  [ S l l l l * (  l . * K * l l ) ) * + 2 / S S I I I I  
C1Jz ( X O  -X IJAR ) * * 2 
Sl DVYO-DSORl(C3 + C 4  *C5) 

S S V V 2 = B 2 * l 3 2 * S S Y Y - 2 . * B 2 * s s x Y + s s x x  

M A N 0 2 0 8 0  
M A N 0 2  090 
M A N 0 2 3 0 0  
M A N 0 2 9  10 
M A N 0 2 9 2 0  
M A N 0 2 9 3 0  
M A N 0 2 9 4 0  
M A N 0 2 9 5 0  
M A N 0 2 9 6 0  
M A N 0 2 9 7 0  
M A N 0 2 9 8 0  
M A N 0 2 9 9 0  
M A N 0 3 0 0 0  
M A N 0 3 0 1 0  
M A N 0 3 0 2 0  
M A N 0 3 0 3 0  
M A N 0 3 0 4 0  
M A N 0 3 0 5 0  
M A N 0 3 0 6 0  
M A N 0 3 0 7 0  
M A N 0 3 0 8 0  
M A N 0 3 0 9 0  
M A N 0 3  100 
M A N 0 3  110 
M A N 0 3  1 2 0  
M A N 0 3  130 
M A N 0 3  1 4 0  
M A N 0 3  150 
M A N 0 3  160 
M A N 0 3  1 7 0  
M A N 0 3  180 
M A N 0 3  190 
M A N 0 3  2 0 0  
M A N 0 3 2  1 0  
M A N 0 3 2 2 0  
M A N 0 3 2 3 0  
MA N O 3  2 4 0  
M A N 0 3 2 5 0  
M A N 0 3 2 6 0  
M A  N O 3  2 7 0 
M A N 0 3 2 0 0  
MA N O 3 2 q O  
M A N 0 3 3 0 0  

I 

bJ 
ul 

I 
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T I L C :  MANI)LL r O R 1 K A N  A NI W JEHSI:Y O E P A R l M L N l  Or I l ~ t A S l J R Y  - t l U H  D A T A  C E N I E R  

IS ’ I ’ I 1 1 1 ~ C  1 l RM I NC[) I 2 A l  I l l  VAR ( X - E RROR ) / V A R  ( Y - ERROR ) M A N 0 3 8 6 0  
81 I l . ’ P R E U E T E R M I N L l )  C O R R E L A T I O N  OF X - E R R O R  W I T l l  Y -CRROR = ’ . F G . 3 )  M A N 0 3 8 7 0  

CAI.1. SI A T ( X .  N. AVGX.  S D X .  X M I N .  XMAX.  XSKEW, XKlJRT)  M A N 0 3 8  8 0  
C A I  I S I  A 1  ( V  . N . A V G Y  . S O Y ,  Y M I N .  YMAX. VSKEW. YKIJRT)  M A N 0 3 8 9 0  
W K l I E ( t i . 2 0 0 )  N. X M I N .  Y M I N ,  X M A X .  YMAX. AVGX.  AVGY.  S O X .  S O Y .  M A N 0 3 9 0 0  

ISXSKEW. YSKEW. X K U R T .  YKURT M A N 0 3 9  10 
200  F O K M A l ( / / / . T 4 4 . 1 4 . ’  D A T A  POINTS‘./.T36,33(‘-’)./.T43.’X’. M A N 0 3 9  2 0  

KlG2.‘Y‘./.T3G.14~’-’).T5‘5.14(’-’),/.T2G,’MINIMlJM‘.T3G.Fl4.6. MA N O 3 9  30 
&I‘J5.F14.G./.T26,‘MAXlMlJM’.T3G,I~14.6,T55.Fl4.G,/.129.’MEAN’. M A N 0 3 9  4 0  
& T 3 G . F 1 4 . 6 , 1 ~ 5 . F 1 4 . 6 , / . 1 1 ‘ 5 , ’ S ~ A N O A R D  D E V I A T I O N ’ . T 3 6 . F l 4 . 6 . T 5 5 .  M A N 0 3 9 5 0  
~ ~ l 4 . G . / . 1 2 ~ . ’ S K E W ’ . T 4 0 . F ~ . 2 . / . ~ 2 5 , ’ K U R T 0 S 1 S ‘ , T 4 0 , F 6 . 2 .  M A N 0 3 9 6 0  
I S 1 5 9 . r G . 2 )  M A N 0 3 9 7 0  

W R I  I l . ( G . 3 0 0 )  ACl ’ I tAT.  A 1  1’112. l 3 E r l l A r .  D C 1 1 1 2 .  STDCPS.  S l I ) D L T ,  R K 1 ,  M A N 0 3 9 8 0  
~ R K 2 . S T I ) A L P . S T O A L 2 . S T O U E T . S l l ) I 3 2  M A N 0 3 9 3 0  

300 r O l 1 M A l ( / / / . T 4 3 . ’ P A R A M E T E R  E S ’ t I M A T E S f . / . T 3 ~ . 3 3 ( ‘ - ‘ ) . / . T 3 9 . “  = ’ ,  M A N 0 4 0 0 0  
I S ’ F ( X ) ‘ , 1 5 n . ‘ X  F(Y)‘./,T36,14(’-‘),lS5,14(‘-’)./.T24. M A N 0 4 0  10 
& ‘ I N I E R C t . I ’ T ’ , T 3 6 . F I 4 . 6 . T 5 5 , F i 4 . 6 , / , T Z ~ . ‘ S L O P E ’ , T 3 G , F l 4 . 6 , T 5 5 ,  M A N 0 4 0 2 0  
I S r 1 4 . G . / . l X . ’ R E S I I ) I J A L  ERROR. S ( Y X )  AND S ( X Y ) ‘ . T 3 6 . F 1 4 . G . T 5 5 , F 1 4 . 6 .  M A N 0 4 0 3 0  
& / . T i 2 . ’ M A N I ) E L ” S  U K  STAIISTIC‘,T40.FG.2.1‘i9.F6.2./.TG.’STANI)ARD ’ . M A N 0 4 0 4 0  
& ’ E R R O R  OF I N T E R C E I ’ T ‘ , T 3 6 . F 1 4 . 6 . T 5 5 . F 1 4 . G . / . l i O . ’ S T A N D A R D  ERROR I .  M A N 0 4 0 5 0  
& ’ ( I F  S L O P E ‘  . T 3 6 ,  F 1 4 . 6 . 1 5 5 .  F 1 4 . 6 )  MA NO4 060 

l A L P l = - D A B S ( A L P I I A T  ) / S r D A l  P M A  N O 4  0 7  0 
C A L L  TlAHLE(N-2.TALPl.SIGAL1.1) M A N 0 4 0 8 0  
l A L f ’ l l 2 = - D A B S (  ALP112 ) / S T O A L 2  M A N 0 4 0 9 0  
CAI.1. 7 TAIJLE “ - 2 ,  T A L P t 1 2 ,  S I G A L 2 ,  1 )  M A N 0 4  100 
T O E l I l 1 = - O A B S ( C E T H A T  ) /S?DUET M A N 0 4  1 10 
C A L L  I l A O L E ( N - 2 . ~ l O E l l i l  , S I G B l i l ,  1 )  M A N 0 4  1 2 0  
T I1F. l112=-OACS(BETt (2  ) / S T 0 0 2  M A N 0 4  130 
CALI .  T T A B L E ( N - 2 . 1 l % L  1112, S I G B I I Z ,  1 )  M A N 0 4  1 4 0  
W H l l E ( 6 . 4 0 0 )  SIGALl. S I C A L 2 .  SIG13 l i l .  SIM3112 M A N 0 4  1 SO 

4 0 0  F O R M A T ( / / /  T 3 7  ’ A P P R O X I M A T E  S I G N I F I C A N C E  L E V E L S ‘ . / . T 3 6 . 3 3 ( ’ - ‘ ) . / .  M A N 0 4 1 6 0  
IS1 1 7 ,  ‘NULL ~ I Y P O ~ H E S I S ‘ ,  T 3 8 ,  ‘Y = F ( X ) ‘  ,159. ’ X  = F (  Y )  ’ . /. T 1 6 .  1 7 (  ’ -  ’ ) . M A N 0 4  1 7 0  
&T36,12(‘-‘),T57,12(‘-’)./,TlG,’INTERCEPT I S  Z E R O ’ . T 4 0 . F 5 . 3 . T 6 1 ,  M A N 0 4 1 8 0  
& F 5 , 3 . / . T 2 0 . ’ S L O P E  IS ZERO‘.T40.F5.3.T6l.F5.3) M A N 0 4  190 

1 W R I T E ( 6 . 5 0 0 )  M A N 0 4  2 0 0  
500 F O R M A T ( / / / . T 2 . ’ S E L E C T  ONE OF T H E  F O L L O W I N G  O P T I O N S ‘ . / . T S . ’ l .  ‘ ,  M A N 0 4 2 1 0  

& ‘ I N T E R V A L  E S T I M A T E S  FOI? I N T E R C E P T .  S L O P E ,  A N 0  R E S I D U A L  E R R O R ‘ ,  M A N 0 4 2 2 0  
R / . T 5 . ‘ 2 .  I N T E R V A L  E S l l M A T E S  FOR TRUE Y A T  S E L E C T E D  V A L U E  OF :’,/ M A N 0 4 2 3 0  
B . T 5 . ’ 3 .  I N T E R V A I .  E S T I M A T E S  FOR TRUE X AT S E L E C T E D  V A L U E  C F  Y , / ,  M A N 0 4 2 4 0  
&15.‘4. T E R M I N A T E  T H I S  R U N ‘ )  M A N 0 4  250 

R E A 1 1 ( 5 , * )  I N P U T  M A N 0 4 2 6 0  
I F ( I N I ’ U I . E O .  I )  C A L L  C O N F l ( N )  M A N 0 4 2 7 0  
I I’ ( ( I NPU I . EO . 2 ) , O R  . ( 1 N P l J T  . E 0. 3 ) ) M A N 0 4 2 8 0  
I F ( ( I N P U T . L E . O ) . o K . ( I N P U I . G E . 4 ) )  R E T U R N  M A N 0 4 2 9 0  
GO I 0  I M A N 0 4 3 0 0  
C NI) M A N 0 4  3 1 0  

C M A N 0 4 3 2 0  
S11131101J i I NI’ CONF I ( N  M A N 0 4 3 3 0  
(:OMMON A L P 1  12 . A L P I I A  I , I 3 ,  R 2  , OE71-I2 , I 3 E T l l A T .  f3K 1 ,13K2. M A N 0 4  3 4 0  

r C  I ,(:2 ,(;:I ,(:4 , C ! > ,  (:(j . C . /  , ( : I 3  ,(:9 . C  1 0 . K . K 2  .OlJAN 1 , Mf.FI0435O 
0 f ) l J A N 2 , O U A N 3 , O O A N 4  . OlJAN5.  O lJhNB , SIJMX . SUMY , SSlJU , S S U I J 2 ,  S S V V 2 ,  M A N 0 4  360 
+ S S V V . S S X X . S S X Y  , S S Y Y  ,S10A1.2 . I ; f I~ALI ’ .STO132.STDf3E~T ,SlDI)2 . S I D l ) L T ,  M A N 0 4 3 7 0  
r S 1 1 ) C .  S T O E 2 .  S T D E P 2 . 5 I I ) E P S .  S I1)VXO.  S I D V Y O ,  I I I E T A ,  l l l C T A 2 .  V A R X Y ,  M A N 0 4  380 
~ V A K Y X . X O . X R A R . Y O . Y I I A I 1  M A N 0 4 3 9 0  

M A N 0 4 4 0 0  

= ‘ , r f 3 . 3 ,  / / / /  . 

C A L I- C O N r  2 ( N , I NPU T ) 

I)I)LJUL E P K  EC I S I O N  A LI’I 12 , A L P I  IA r , U , B2 , BE T I12 , U E r l  I A  T , 



I I I  L MANIJI I I ( I I < I I I A N  A NI W cJI IZ5 I .Y  I ) I  I ’AIZIMI N I  0 1  1111 ASOlZY - 111113 I I A I A  CCNTLR PAGE 00009 

+(JUAN2 OOAN3 1 OOAN4 ; O l l A N 5  1 OIJANG . SIlMX , 5UMY 
*S:;VV. S S X X .  S S X Y .  S S Y Y .  S113AI ? .  S l I j A l . P .  S70132 

r C l . C 2 . C 3 . C 4 . C S . C 6 . C 7 . C A . C S . C 1 O . K . K 2 . P R I N T , ~ U A N ~ ,  
ssuu, S S U I I ? ,  s s v v 2 .  

* S  I1)l , S I I I L 2 ,  S I1111’2.5 1 I ) l . I ’S ,  S I I I V X O .  S1I )VYO.  1 1 1  T A .  I I I C  I A 7 .  VARXY.  
* V A R Y  X , XO, XRAR , YO, YDAK 

I’RLC I S I ON A I .  I M  I N , /\(.?MAX , Al. 2M I N . A I’MAX . l32MAX . f32MI  N, 

. ~ .  .~ S I I ~ I ~ E ~ . S I I ~ I ~ ~ . S I U I ~ L T .  

IJIIIJ111.1. 

I Z L A I  
D A T A  SIGN1F/.005,.01..025..05..1..9..~~..97~..99..9~5/ 
W R I T E ( G ,  100) 

. * l3l- 1 MAX . I1E 1 M I  N , SIIMAX . SI)M I N . SI: I’M 1 N 
C (  10). S I G N I F  ( l o ) ,  I ( 1 0 )  

I 0 0  T O I 1 M A 1 ( / / / , T I U . ’ A I ’ P R O X I M A T E  I N I E R V A L  E S T I M A T E S  TOR I N I E R C E P T ‘ . / .  
~ r i ( ; . 4 ~ ~ ( ‘ - ’ ) . / , i 1 ~ / , i ~ ~ t ~ .  A I ? I ~ A ’ , ~ : I ~ , ’ Y  = F ( x ) ’ . T ~ ~ . ’ x  = F ( Y ) ’ . .  
& / ,  1 16. I I ( ’ - ) , 1 3 2 .  I 4 (  ’ - ’ ) , I ?, I ,  l . 1 (  ‘ - ’ ) ) 
on I 1 - l . s  
CAI. I. 
A L  1 M I N = A L P I l A l  - T (  I ) ” S I U A L P  

T 1 A B L E  ( N- 2 ,  T ( I , I . - S I G N I  F ( I 1.2 ) 

A L 2 M I N = A L P t - l 2 - T (  I ) i S T D A L 2  

F O R M A I  ( I 16, ‘LOWER 

J = G -  I 
AI .PMAX=ALPHAT+T(  J ) * S T D A L P  
AI .2MAX=ALPI12 I I ( J )  + S I D A L 2  

2 W I 1 I  r l : ( 6 ,300 )  S I C N I y ( J ) .  ALPMAX 
300 FORMAT( T 1 6 .  ’ U P P E R  , F 5 . 3 .  T32, F 

1 WRIIL(G.ZOO) SIGNIF(I). ALIMIN 
2 0 0  ‘ , F 5 . 3 ,  T 3 2 .  F 

I ) O  2 1 = I , 5 

W H I T E / G . ~ O O )  

A L 2 M I N  
4 . 6 . T 5 1 . F 1 4 . 6 )  

AI.%MAX 
4 . 6 . T 5 1  . F  1 4 . 6 )  

400 F ~ l R M A T ( / / / . T 2 0 . ’ A P P l ~ O X l M A T E  I N r C R V A L  E S T I M A T E S  FOR S L O P E ’ . / . T I G .  
~ , ~ ~ ( ’ - i ) , / , T l l . ‘ T A I L  A R E A ’ , T 3 5 . ’ Y  = F ( X ) ’ . l 5 4 . ’ X  = F ( Y ) ‘ . / . T 1 6 .  
Bi!(‘-‘),T32,l4(’-’).T51.l4(’-’)) 

DO 3 l = l . 5  
O E T M I N = l 3 E T I l A T - T (  I ) * S T I I R E T  
R 2 M I  N=RETl12 - I ( I ) * S TDU2 

on 4 I = ! . 5  
J - 6 -  I 
R E T M A X = B C T l I A T t T ( J ) * S T O B E T  
R 2 M A X = f l E T I l 2 + T (  J)  r S T D C 2  

3 W R I I L ‘ ( G . 2 0 0 )  S I G N I F ( 1 ) .  B E T M I N .  B 2 M I N  

4 WRllE(6.300) S I G N I F ( J ) .  R L I M A X .  B2MAX 

500 F O R M A r ( / / / , T l 6 . ’ A P P l ~ ~ X l M A T E  I N T E R V A L  ES 
~./.llG.49(‘-‘)./.Tl7,’TAlL A R E A ’ . T 3 1  ‘ S  

W R I l E ( G . 5 0 0 )  

~ 1 . ~ 1 6 .  ~ I ( * - ’ ) , T ~ Z ,  I ~ ( ’ - ’ ) , T ~ I ,  1 4 ( I - < j )  
110 5 1 = 1 . 5  
C A L L  C S T A n L ( N - 2 . C l - I l S Q .  1 .  - S I G N I F ( I ) . 2 )  
S E I ’ M I N = S T D E P S / S Q R T /  C I I l S O / F L O A T  ( N - 2  ) ) 
S I ) M I N = S l  D D L T / S O R I  ( C l l l  S O / F L O A T  ( N - 2  ) 

I10 G 1 - 1 . 5  
J = G - I  
C A L L  C ST A13 L ( N - 2 . (:I1 I S O ,  S 1 GN I I- ( J ) , 2 

SI )MAX=SIL) I I I . I /SOl11 ( C l l l S O / I  I . O A 1  I N - 2 ) )  

R C T U R N  
E N D  

5 WR I 1 E ( 6 , 2 0 0 )  SI  G N I  F ( 1 ) , SEI ’MIN,  S1)MIN 

31- MA x = s I I I I  r.s/son r ( CI I I S O / F  i on I ( N ~ 2 ) ) 

6 W H 1  l L ( ( i . 3 0 0 )  S I G N 1 1  ( J ) ,  SLMAX.  SI)MAX 

I M  
YX 

M A N 0 4 4  10 
M A N 0 4 4 2 0  
M A N 0 4 4 3 0  
M A N 0 4  4 4 0  
M A N 0 4 4 5 0  
M A N 0 4 4 6 0  
M A N 0 4 4 7 0  
M A N 0 4 4 8 0  
M A N 0 4 4 9 0  
M A N 0 4 5 0 0  
M A N 0 4 5  1 0  
M A N 0 4  520  
M A N 0 4 5 3 0  
MA NO4 5 4 0  
M A N 0 4 5 5 0  
M A N 0 4 5 6 0  
M A N 0 4  5 I 0  
M A N 0 4 5 0 0  
M A N 0 4 5 9 0  
M A N 0 4 6 0 0  
M A N 0 4 G  10 
M A N 0 4 6 2 0  
M A N 0 4 6 3 0  
M A N 0 4 6 4 0  
M A t 1 0 4 6 5 0  
M A N 0 4 6 6 0  
M A N 0 4 6 7 0  
M A N 0 4 6 0 0  
M A N 0 4 6 9 0  
M A N 0 4 7 0 0  
M A N 0 4 7  1 0  
M A N 0 4 1 2 0  
M A N 0 4 7 3 0  
M A N 0 4 1 4 0  
M A N 0 4  7 50 
M A N 0 4  160 
M A N 0 4 1 1 0  
M A N 0 4 1 8 0  
M A N 0 4  790 

T E S  FOR R E S l D U A L  E R R O R ’ M A N 0 4 8 0 0  
’ T 5 G . ’ S ( X Y ) ’ .  M A N 0 4 8  10 

M A N 0 4  8 2 0  
M A N 0 4 0 3 0  
M A N 0 4  0 4 0  
M A N 0 4 8 5 0  
M A N 0 4  860 
M A N 0 4  8 7 0  
M A N 0 4 8 0 0  

M A N 0 4 9 0 0  
M A N 0 4 9  1 0  
M A N 0 4  9 2 0  
M A N 0 4 9 3 0  
MAN04 9 4 0  
M A N 0 4  950 

~ ~ ~ 0 4 8 9 0  

I 

I 



F I L L  

C 

10 

1 0 0  

200 

300  

4 00 

2 0  

500 
30 

4 0  

GOO 

. M A N l ) t l -  I O R l R A N  A NEW JLRSEY D E P A U l M E N r  Or Tf IEASURY - IIUB O A T A  C E N T E R  

S I I f I R O O r I N E  C O N F 2 ( N .  I N P I I T )  
COMMON A L l ’ l i 2 ,  ALPllA r . R ,  n 2 , l I E T 1 1 2 ,  R E T l  IAT . R K  1 , B K 2 ,  

+ C  I , C ? . C 3 . C 4  .C ! i .CG.C7.Cf i .C9.C I 0 . K  . K 2 . O l l A N I .  
*OlJAN2.OI IAN3,OlJAN4,0UAN5,  OUANG, SlJMX , SIJMY, S S U U ,  S S U U 2 ,  S S V V 2 ,  
* S S V V . S S X X . S S X Y . S S Y Y , S l O A L 2 , S l O A L l ’ , S T O ~ 2 , S T O D E T , S T D U 2 , S T D U L T ,  
~ C T O E . S T O E 2 . S 1 U E 1 ’ 2 . S T O E P S . S T O V X O . S T O V Y O . T H E T A . 7 t - I E T A 2 . V A R X Y .  
~ V A R Y X . X O . X B A U . Y O . Y R A U  

A L P l i 2  , A L P l l A T  . 8 .82 , B E T t l 2  , B E  T H A T  , 
* C 1 . C 2 . C 3 . C 4 . C 5 . C G . C 7 . C A . C 9 . C 1 0 . K . K 2 , P R I N T , O U A N l ,  
~ O l l A N 2 . O l J A N 3 . O l J A N 4 ,  O U A N 5 ,  OlJANG , SUMX , SUMY , SSlJU, SSl l I12 ,  S S V V 2 ,  

* 511)l , S l l l L 2 . 5  I1)11’2, S I I ) L I ’ S ,  S I  1)VXO. S I I J V Y O .  1 1 1 1 .  I A ,  IIIL I A 2  .VAI<XY,  
0 VAUY X , XO , XOAR , YO. Y DAR 

OOIJUI. E P R E C  IS  I O N  

~ S S V V ,  s s x x ,  S S X Y ,  S S Y Y  , srmi s, srmi.~’. STIMX?, s i r w r T .  srnn:,, s i m i . T ,  

UOIJOLE P R E C I S I O N  Xl. IM( l O ) . Y L I M (  1 0 )  
H E A L  n K l . U K 2 . S I G N I I  ( 1 0 ) . 1 (  10) 
L1ATA SIGNIF/.005..01..0?5..05,.1..9..95..975..99..995/ 
I10 10 I = I. 10 
C A I L  T r A B L E ( N - 2 . r ( I ) . S I G N I F ( 1 ) . 2 )  
I F ( I N P U T . E 0 . 3 ) G O  10 4 0  
W I 1  I 1 I ( (i . 1 0 0 )  
I O U M A I ( / . l X . ‘ L N I k H  V A I t J I  0 1  X A 1  W l l l C l l  C l l M l ’ l l l A I I O N S  A U E  1 0  13E ’ ,  

R E A i ) ( 5 . *  )XO 
YO= A ILPI I A T i  B E T  t I A T  * X O  

S T O V Y O = D S O R T ( C 3 t C 4 * C 5 )  
W H I l E ( G . 2 0 0 )  YO, S l D V Y O  
T O R M A T ( / . T 2 1 . ’ P O I N l  E S T I M ATE OF TRUE Y = ’ . F l 4 . G . / / / . T 2 l . ’ S ( Y  I .  

WH I 7 E ( G ,300 ) 
F O R M A T ( / / . T 2 7 . ’ A P P R O X I M A T E  I N T E R V A L  ESTIMATES‘,/.T2G,32(’-‘)./. 

U O  so 1 = 1 . 5  
YLIM(I)=YO+T(I)*STOVYO 
W R I l ’ E ( G . 4 0 0 )  S I G N I F ( I ) . Y L I M ( I )  
I:[)RMA T ( 1 26, ‘ LOWER 
<I = G 
C O N 1  1 NIJE 

< J = J -  I 

W U I l E ( G . ~ 0 ~ ) S I G N l F ( ~ ) , Y L l M ( I  
FORMAT(  T 2 G .  ’UPPER 
C O N 1  I N U E  
111; I IJUN 
CON1 I N U E  
W K I T E ( 6 ,600 ) 
l : O I ? M A T ( / . l X . ’ E N T E H  V A L U E  OF Y A T  W t l I C t l  C O M P U T A T I O N S  ARE TO BE ‘ .  

R E A U ( 5 .  * ) Y O  
XO=AL PI121 BE TI12 * Y O  
C lo=(  Y O - Y I I A R )  * 2 
s 1 I>VXO= OSORT ( co * co  c I0 ) 
WR1 I E ( 6 . 7 0 0 )  XO.  S l O V X O  

(L ‘ MA[) E ’ ) 

C!, = ( XO - XOAR ) * + 2 

(L ’ FOR OI3SERVED X ) = l . F I 4 . 6 )  

( L T 2 7 , ’ T A I L  A R E A ’ , T 4 2 . ’ Y  FOR OUSEHVEO X’,/,l2G,ll(‘-‘),T42,1G(’-’)) 

‘ , F 5 . 3 . 1 4  4 , F I 4  . G ) 

00 30 1-6. 1 0  

YLIM( I ) = Y O *  r (  I ) * s ~ o v y o  

’ , F5.3.744, F 1 4 . 6 )  

& ’ M A D E ’  ) 

M A N 0 4 9 6 0  
M A N 0 4 9 7 0  
M A N 0 4 9 8 0  
M A N 0 4 9 9 0  
MA N O 5 0 0 0  
M A N 0 5 0  1 0  
M A N 0 5 0 2 0  
M A N 0 5 0 3 0  
M A N 0 5 0 4 0  
M A N 0 5 0 5 0  
M A N 0 5 0 6 0  
M A N 0 5 0 7 0  
MANO5OHO 
M A N 0 5 0 9 0  
M A N 0 5  1 0 0  
M A N 0 5  1 1 0  
M A N 0 5  1 2 0  
M A N 0 5  I 3 0  
M A N 0 5  1 4 0  
M A N 0 5  1 5 0  
M A N 0 5  1 6 0  
M A N 0 5  1 7 0  
M A N 0 5  1 8 0  
M A N 0 5  190 
MA N O 5  2 00 
M A N 0 5 2  1 0  
M A N 0 5  2 2 0  
M A N 0 5 2 3 0  
M A N 0 5 2 4 0  
M A N 0 5 2 5 0  
M A N 0 5 2 6 0  
M A N 0 5 2 7 0  
M A N 0 5 2  80 
M A N 0 5 2 9 0  
M A N 0 5 3 0 0  
M A N 0 5 3  1 0  
M A N 0 5  3 2 0  
M A N 0 5 3 3 0  
M A N 0 5 3 4 0  
M A N 0 5 3 5 0  
M A N 0 5 3 6 0  
MA N O 5  3 7 0 
M A N 0 5 3 0 0  
M A N 0 5 3 9 0  
MA N O 5  4 00 
M A N 0 5 4  1 0  
M A N 0 5 4 2 0  
M A N 0 5 4 3 0  
M A N 0 5  4 4 0  
M A N 0 5 4  50 
M A N 0 5 4  GO 
M A N 0 5 4 7 0  
M A N 0 5 4 0 0  
M A N 0 5 4  90 
M A N 0 5 5 0 0  
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r i i r  

.I 00 

I1 00 

5 0  

60 

C 

1 

2 

3 
1 00 

4 
2 00 

5 
300 

6 
4 00 

c 

M A N I I I  I. I O I ? I K A N  A NL.W ,JERSEY D E I ' A l I I M l f N l  OF 1REASIJHY - tlUU D A T A  C E N T E R  

l ~ l l ~ M A l ( / . l ~ l ~ ' l ' O l N l  L S I I M A I I :  01' lRlJ13 X = ' . I  l4.(;.///,lL'l.'S(X ' ,  M A N 0 5 5 1 0  
I4 ' I OR O H S I ~ I ~ V !  0 Y ) = ' , I -  1 . 1 .  ( j )  M A N 0 5 5 2 0  

WI1I I1 ( G . f t 0 0 )  M A N 0 5 5 3 0  
I IIKMA r ( / / .  737, ' A l ~ l ~ K O X I M A l  E I N T F R V A I .  C S T  I M A I  ES'  , / .  T 2 6 , 0 7 (  ' - ' 1 . / ,  M A N 0 5 5 4 0  

B 1 2 7 . ' l A I I .  A Q E A ' ,  1 4 2 , ' X  FOR ODSERVED Y ' . / . 1 2 6 .  1 1 ( ' - ' ) , 1 4 2 ,  l G ( ' - ' ) )  M A N 0 5 5 5 0  
00 50 1 = 1 .5 
X L . I M ( I  ) = X ~ ) t l ( I ) * S T n V X O  
WH1lE(ti.400)SIGNlF(I).XLIM(I) 
C O N l  I N U E  
J = G  
D o  GO 1 - c i . 1 0  
J=J-  I 
X I  I M (  I ) = X O * T (  I )*SIDVXO 
W N I  f L ( G . S U 0 ) S I G N I I  ( J ) . X L I M ( I )  
CONT I N I J E  
K t  I t J K N  
E NIJ 

S U U R O U T I N E  C S T A U L ( N O F . C I I I S O . A R E A . M O D E ~  
I r ( N I ) F . L T . l )  GO T O  3 
I r ( MOOI: . NL: . 1 ) GO 10 2 
I I  (CIIISQ.I.~.O.) GO T O  4 
I I  ~ N l l l ~ . ~ ~ 1 . 2 0 0 ~  GO 7 ( 1  1 
A R C  A = A C  ( Nllr , (:I I1 SIJ ) 
R I  1 IJKN 
X = 2 . / ( 9 .  + N I J l )  
Z=( ( C l I l S O / N l ~ l ~ )  * * , 3 3 3 3 3 3 3 -  I .  + X ) / S O R l  ( X )  
C A L L  Z T A U L E ( Z , A R E A ,  I )  
KCTIJRN 
I F ( M O U E . N E . 2 )  GO T O  5 
I F ( ( A K E A . L T . O . O O O l ) . O I ~ . ( A R E A . G T . O . 9 9 9 9 ) ~  GO T O  6 
X = 2 . / ( 9 . * N D F )  
C A L I. 
C I I I  SO=AMAX I ( 0 .  , N D T  ( 1 . - X  tZ * SOH T ( X )  ) * 4 3 )  

7 1 A I3 1.1: ( Z , A I? E A , 2 ) 

I F ( N O F . G T . ~ O O )  RETURN 
C I I I S ( l = C A ( N D F .  A R E A  . C H I  S O )  
HE1 l JRN 
W R I  1 E ( G .  100) 
I 'Ol?MAT( ' O ' . ' O E G R E E S  O r  I -REEUOM I S  L E S S  T I M N  O N E  I N  S I I I !ROUTINE ' 

) R, ' C S T A U L  
S T O P  

I ORMAT ( 
W K I  r c ( ( i  2 0 0 )  

O ' , ' C I l I - S O I J A H E  VAL IJE  I S  N U T  S P E C I F I E D  C O R R E C T L Y  I N  ' 
I N €  C S T A D L  ' ) 

T O R M A T (  O ' , ' M O D E  OF O P E R A T I O N  I S  NOT S P E C I F I E D  C O R R E C T L Y  I N  ' ,  

S T O P  
Wl? I 1 C ( G , 4 0 0  ) 
F U l l M A l ( ' O ' , ' A N E A  I S  O U l S I D E  L I M I T S  O r  0 . 0 0 0 1  - 0.9999 I N  ' ,  

s 1 0 1 '  
1 NII 

B ' S U l 3 H O U T I N E  C S T A U L '  ) 

B ' S I J I I R O I J r I N C  C S T A f l l  ' ) 

M A N 0 5 5 6 0  
M A N 0 5 5 7 0  
M A N 0 5 5 8 0  
M A N 0 5 5 9 0  
M A N 0 5 6 0 0  
M A N 0 5 6  10 
M A N 0 5 6 2 0  
M A N 0 5 6 3 0  
M A N 0 5 6 4 0  
M A N 0 5 6 5 0  
MA N O S  6 60 
M A N 0 5  670 
M A N 0 5 6 8 0  
M A N 0 5 6 9 0  
M A N 0 5 7 0 0  
M A N 0 5 7  10 
M A N 0 5 7 2 0  
M A N 0 5 7 3 0  
MA NO5 7 4 0 
MAN05 7 50 
M A N 0 5 7  60 
M A N 0 5  7 7 0  
M A N 0 5 7 8 0  
M A N 0 5  7 9 0  
M A N 0 5 8 0 0  
M A N 0 5 8  10 
M A N 0 5 0  2 0  
M A N 0 5 8 3 0  
M A N 0 5 8  4 0  
M A N 0 5 0 5 0  
M A N 0 5 8 6 0  
M A N 0 5 8 7 0  
M A N 0 5 8 8 0  
MA N O S  8 90 
MA N O  5 900 
M A N 0 5 9  10 
M A N 0 5 9  2 0  
M A N 0 5 9 3 0  
M A N 0 5 9  4 0 
MA N O 5  9 50 
M A N 0 5 9 6 0  
M A N 0 5 9  7 0 
MA NO5 98 0 
M A N 0 5 9 9 0  
MA NO6000 
M A N 0 6 0  10 
M A N 0 6 0 2 0  
MAE106030 
M A N 0 6 0 4 0  
MAN06050 

P A G E  0001 1 



I00 

t: 

1 

2 

3 
1 0 0  

C 

1 

2 

I I I  I MANIJL I. I O R l l l A N  A NLW JI I -? 'JLY I ~ L I ' A I - ? I M I N I  O r  I I ~ L A S I I K Y  - INJn DATA CFNTER 

I I IN(: 1 I I)N (:A ( N I I I  , A l t l .  A , CS 1 AR 1 
A (  C )  = A C (  NIII . C )  
C A  = C S T  AH T 

KOIJNI = t )  

I F ( K O U N T . C T . 1 0 0 )  GO TO 3 
E RROK = A 1 U I A 1. - ARE A 
II ( A I ~ ~ ~ ( I I t t ~ ~ ~ I ~ ) . l I ~ . 0 . O ~ O ~ l )  RETURN 
l l ( ( : A . l l . . O . )  ( : A : l . 1  6 
C 1 =(:A 
A t = A  T R I A L  
c 2 - C  1 
c 2 =  I .001 + c 2  
IT(C2/CI.GT.1.01) GI1 T O  3 
A 2 = A ( C 2  1 
l l ( A 1 . l ~ Q . A : ) )  GO 'TO 2 
Sl.OI'E = ( A ?  - A  1 ) / ( C2 - C 1 ) 
C A = C 2 4  ( A f - ? E A - A 2 ) / S L O l ' E  
A T R I  A L = A ( C A  ) 
GO In  I 

A 1 I< I AI. = A  ( C A  ) 

KOIJN r =KOIJNT+ I 

wi t1  I I  ( G .  100) 
T O R M A I (  '0 ' .  ' t X C L S S l V L  C A I  CIJI A 1  I O N  T I M 1  121 O I J I R E D  I N  S(JRROUT1NE ' 

8 ' C S T A U L ' )  
STOP 
LNI )  

2-5. 
A = A R E A  

M A N 0 6 0 6 0  
M A N O ~ . O 7 0  
MAN0608 0 
M A N 0 6 0 9 0  
M A N 0 6  100 
M A N 0 6  1 1 0  
M A N 0 6  1 2 0  
V A N 0 6  130 
M A N 0 6  1 4 0  
MAN06 1 5 0  
M A N 0 6  160 
M A N 0 6  170 
M A N 0 6  180 
MAN06 I90 
M A N 0 6 2 0 0  
M A N 0 6 2  10 
M A N 0 6  2 2 0  
M A N 0 6 2  30 
M A N 0 6 2  4 0  
M A N 0 6 2 5 0  
M A N 0 6 2 6 0  
MAN063 I 0  
MAN06280 
M A N 0 6 2 9 0  
M A N 0 6 3 0 0  
M A N 0 6 3  1 0  
M A N 0 6  3 20 
MA NO63 30 
M A N 0 6  3 4 0  
M A N 0 6  350 
M A N 0 6 3 6 0  
MAN06 370 
M A N 0 6 3 0 0  
M A N 0 6 3 9 0  
M A N 0 6 4 0 0  
M A N 0 6 4  10 
M A N 0 6 4 2 0  
M A N 0 6 4  30 
M A N 0 6 4  4 0  
M A N 0 6 4  50 
MAN064  60 
M A N 0 6 4 7 0  
M A N 0 6 4 0 0  
M A N 0 6  4 90 
M A N 0 6  500 
M A N 0 6 5  1 0  
MAN06 5 2 0  
M A N 0 6 5 3 0  
M A N 0 6 5 4 0  
MAN06 5 5 0  
MAN06560 
MhN06570 
MA N O 6  5 0 0  
M A N 0 6 5 9 0  
MA N O 6  6 00 
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F I 1  F MANI)I  I I O l 2 l l l A N  A NEW t J I R S E Y  O E P A R I M E N I  Of TREASURY 

I T ( A . G T . 0 . 5 )  A = l . - A  
I I ( A .  I. T . O .  000000.1 ) GO .TO 3 
X =5011 1 ( A l  [I<;( 1 . / A  * * ? ) ) 

1 I ( A I1 I: A . GE . 0 . 5 ) 
2=-7 
RE I IJRN 

4 W R I T E I G .  1 0 0 )  

I = X -  ( C  1 I X. (C2 I x * c n  ) ) / (  I. i x t ( 0  1 I x 4 (1)2tx*I):l)  ) ) 
3 R li T (JRN 

t lUU D A T A  C E N T E R  

M A N 0 6 6  10 
M A N 0 6  6 2 0  
M A N 0 6 6 3 0  
M A N 0 6 6 4  0 
M A N 0 6  6 50 
M A N 0 6 6 6 0  
M A N 0 6 6 7 0  
M A N 0 6 6 8 0  

100 FORMA1 ( ; O ’ ~ ; M O O E  OF O P E R A T I O N  I S  NUT SPECIFIED C O R R E C I L Y  I N  ‘ ,  M A N 0 6 6 9 0  
R ‘ S l J l l R O U I I N E  2 1 A C L C ’ )  M A N 0 6 7 0 0  

M A N 0 6 7  10 
5 WHI l l : ( G , 2 0 0 )  M A N 0 6  7 2 0 
2 0 0  F O R M A l ( ’ O ‘ . ‘ A R E A  IS NOT S P E C I F I E D  C O R R E C T L Y  I N  S U C l l O U T l N E  Z T A B L E ’ ) M A N 0 6 7 3 0  

M A N 0 6 7 4 0  S T O P  
I NII M A N 0 6 7 5 0  

C M A N 0 6  760 
C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  M A N 0 6 7 7 0  
C M A N 0 6 7 8 0  
C SIJDROUI I N E  C l l r R  M A N 0 6 7 9 0  

M A N 0 6 8 0 0  c 
C PlJR1’I)S E M A N 0 6 8  1 0  
C CUMI’IJTES P ( X )  = P H O R A R I L I T Y  1 t t A T  T t tE  RANDOM V A R I A B L E  U. M A N 0 6 8 2 0  
c D I S l H l R U T E D  A C C O R D I N G  TO T H E  C H I - S O U A R E  D I S T R I R U T I O N  W I T H  G M A N 0 6 8 3 0  
C DEGREES OF FREEDOM. IS L E S S  T t I A N  OR E Q U A L  TO X .  F ( G . X ) .  T H E M A N 0 6 8 4 0  
C O R D I N A T E  OF T I I E  C I t I - S Q U A R E  D E N S I T Y  AT X .  I S  A L S O  COMPUTED.  M A N 0 6 8 5 0  
C M ANOG 8 60 
C LJSAGE M A N 0 6 8 7 0  
(: M A N 0 6 8 8 0  
C M A N 0 6 8 9 0  
C O F S C R I P T I O N  O F  P A R A M E T E R S  M A N 0 6 9 0 0  
C X - INPUT S C A L A R  FOR W I I I C H  P ( X )  I S  COMPUTED.  M A N 0 6 9  10 
C G - NUMBER OF D E G R E E S  OF FREEDOM OF TIE C t f I - S O U A R E  M A N 0 6 9 2 0  

M A N 0 6 9 3 0  C D I S T R I B U T I O N .  G IS A C O N T I N U O U S  P A R A M E T E R .  
M A N 0 6 9 4 0  C P - O U T P U T  P K O B A O I L I T Y .  

C 0 - O U T P I J l  D E N S I T Y .  M A N 0 6 9 5 0  
C I E R  - R E S I J L T A N T  ERROR CODE WI-IERE M A N 0 6 9 6 0  

MA N O 6  9 7 0 c l E R =  0 - - -  NO ERROR 
C I E I 1 = - i  - - -  A N  INPUr PARAMETER I S  I N V A L I D .  X I S  L E S S  M A N 0 6 9 8 0  
c T I I A N  0 . 0 ,  OR G I S  L E S S  T l l A N  0 . 5  OR G I 1 I A T E R  M A N 0 6 9 9 0  
C 1 I t A N  2 * 1 0 * + ( + 5 ) .  P AND 0 ARE S E T  TO - 1 . E 7 5 .  M A N 0 7 0 0 0  
c: I E R = + 1  - - -  I N V A L I O  O U T P U T .  P IS L E S S  T H A N  ZERO OR M A N 0 1 0 1 0  
c GHFATIU T I I A N  O N E ,  OR S E R I E S  FOR T I  (SEE M A N 0 7 0 2 0  
C MA TCIEMA T I C A L  D E S C H I  PT I O N )  t I A S  F A 1  LEI)  TO M A N 0 7 0 3 0  
c CONVERGE.  P I S  S E T  TO 1 .  €75. M A N 0 7 0 4 0  
C M A N 0 7 0 5 0  
C REMARKS MA N O 7  060 
C SEE M A T I I E M A T I C A L  D E S C R I P T I O N .  M A N 0 7 0 7 0  
C MA NU7 080 
C SUUIWLIT I N E S  AND F U N C T I O N  SUBPROGUAMS H E O U I R E D  MA N O  7 090 
C I) I. GAM M A N 0 7  1 0 0  
C N D I R  M A N 0 7  1 1 0  
C M A N 0 7  I 2 0  
(: MI! T I  I 0 1 1  M A N 0 7  130 
(; I 1 E F C R  T O  H . E .  13ARGMANN AND S . P .  GII[1Sll. S T A T I S I I C A L  M A N 0 7  1 4 0  
c 1)15T1111i1Jl I O N  PI?OGRAMS rOl1 A COMI ’ l I IE I1  L.ANCtJAGC. MANO7 1 5 0  

s 101’ 

C A I .  1. C D 1  I2 ( X . C , P , I> . I I:R ) 

PAGE 0 0 0 1 3  
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F I 1 . E :  MANI)f:L T O R 1 R A N  A NEW JCRSLY I)I-.I’ARlMCNT O F  T I < E A S I I R Y  - IWl3 D A T A  CENTER 

C 
c 
c 
P 

IOM RI-SEARCII  REPORT R C - 1 0 9 4 .  1 9 6 3 .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

M A N 0 1  1 6 0  
M A N 0 7  1 7 0  

. M A N 0 1  180 
M A N 0 1  190 

L 

c 
C 
C 

c 
c 
C 

C 
C 
P 

30 l f ( X - 1 , E - 8 )  4 0 . 4 0 . 8 0  
4 0  P L - 0 . 0  

I F ( G - 2 . )  50.60.10 
!,0 iv I . E l 5  

GO I 0  G 1 0  
6 0  I)-(). 5 

GO 10 G 1 0  
10 1 1 = 0 . 0  

GO I 0  G 1 0  

. [ E S T  [:OH X G R E A r E H  T I i A N  l . t ’ 6  

no 1 1 ’ ( ~ - 1 . ~ 4 6 1  1 0 0 , 1 0 0 . 9 0  
90 0::o.o 

P = 1 . 0  
G(1 T O  6 1 0  

S E I  PROGRAM PARAMETERS 

1 0 0  XX=DRLE ( X  1 
I>I .XX=i1I .OGfXX) 
X 7 = X X / 2 . 0 0  
O L X 2 = D L O C ( X 2 )  
GG=ORI.E ( G )  
G 2 = C G / 2 . D O  

COMPUTE O R D I N A T E  

M A N 0 1 2 4 0  
MA NO7 2 50 
M A N 0 1 2 G O  
MhN072.70 

M A N 0 7  290  
M A N 0 7 3 0 0  
M A N 0 1  3 10 
M A N 0 1 3 2 0  
M A N 0 7 3 3 0  
M A N 0 7 3 4 0  
M A N 0 7  350 
M A N 0 7 3 6 0  
M A N 0 7 3 1 0  

MAN01390  
M A N 0 7 4 0 0  
MAN074 10 
M A N 0 7 4  2 0  
MAN074 30 
MAN01440  
M A N 0 7 4 5 0  
M A N 0 7 4 6 0  
MAN07 410 

M A N 0 7  4 9 0  
MA NO? 500  
MAN075 10 
M A N 0 1 5 2 0  
MAN07530 
MAN07 5 4 0  

M A N 0 7 5 6 0  
M A N 0 7 5 7 0  
MAN07580 
MAN07590 
MA NO1 600 
M A N 0 1 6  10 
M A N 0 1  6 2 0  
M h N 0 7 6 3 0  
M A N 0 7 6 4 0  
MAN07 650 
M A N 0 1 6 6 0  
M A N 0 7 6 1 0  
M h N 0 1 6 8 0  
M A N 0 1 6 9 0  
MAN07 100 

MA NO^ 280 

MA NO^ 380 

M A N O ~ ~ ~ O  

~ ~ ~ 0 7 5 5 0  

P A G E  0001.1 



I I( L M A N I J I  I I O l < l l l A N  A NI W tJLI,”JLY I J L l ’ A l l l M I N I  (J I  1121 A 3 l J I l Y  P A G E  0 0 0 1 5  

c . r c s T  FOR G G R E A T C R  TIIAN 1 0 0 o . o  
C 1ESI  FOR X G R E A I E I I  I I I A N  2 0 0 0 . 0  
C 

1 5 0  I I ’ ( C -  1000. ) 160. 160. 1 8 0  
1 0 0  I I  ( X - 2 0 0 0 . )  1 9 0 .  1 9 0 ,  1 7 0  
1 7 0  I ’ = l . O  

1UO A = D I  [ J G ( X X / G G J / 3 . 0 0  
GO I0 6 10 

A =IIE XI’ ( A ) 
I3 = 2 . lI0/ ( 9 . D O  * (Xi ) 

S C = S N G L  (C ) 
C = ( A -  1 . D O l l ~ ) / D S O I ? l ( I ~ )  

C A L L  NI)TI? ( SC , P , DlJMMY ) 
GO 10 4 9 0  

C 
C COMPUTE 1 I I E T A  
C 

1 9 0  K =  1 I ) I N I  ( ( i 2 )  
1 I I f -  I A = G 2  - O F  LO A T  ( K ) 
I l ( 1 l I C T A - 1 . D - 8 )  2 0 0 , 2 0 0 . 2 1 0  

700  1 1 1 1  l A = O . 1 1 0  
:’lo IIII’I-Ill1 I A l  1 . I ) O  

c 
C 
C 

I 1- 
2 2 0  I I  

C 
C 
C 

S f L t C l  M I  TIlOD OF C O M P U T I N G  1 1  

1 l l C  I A ) 
X X -  1 0 . 0 0 )  2 6 0 . 2 6 0 . 3 2 0  

COMI’UTE 1 1  FOR T l l E l A  EOlJALS 0.0 

230. 2 3 0 .  7 3 0  

X 2 -  1 . 6 f i O O 2 )  2 5 0 . 2 4 0 . 2 4 0  2 3 0  I I  
2 4 0  1 1 - 1 . 0  

250 T l l = l . D O - I ) E X P ( - X 2 )  
Gl) 10 4 0 0  

T l = S N G I . (  T I 1  ) 
GO 11) 4 0 0  

C 
C CDMPlJTE T 1  FOR T t I r T A  G R E A T E R  T I I A N  0.0 A N D  
(: X I 1 S S  T l l A N  (1H L O l I A I  1 0  1 0 . 0  
C 

2 6 0  SE R = X 2  ( 1 . D O / T H P  1 
J = 4  1 
C C = l ) r l . O A T ( < l )  
1)O 2’10 I 1 1 = 3 ,  30 
XI =r ) rLoAr(  I T  1 ) 
C A L L  OLGAM(XI.FAC.IOK) 

I E R M = I ) S  I GN( T E R M ,  cc ) 

- X 2 /  ( T t i P  1 t 1 . DO ) ) 

l L O G =  X I  * l) l .X2 - F A C - O L O G ( X I i T l i E T A \ )  
I LI?M- I>EXP(  T I  O G )  

5 L I< = SI: I2 I 11. RM 
CC 7 - (1c 
I f- ( I1 AtlS ( 1 k H M  ) - ! . D - 9 J 

GO T O  600 

2 UO , 2  .lo. 2 70 
2 7 0  CON1 I N l J C  

?I ! ( )  I I ( !,I I2 ) (i00, I i O O .  7!)0 

M A N 0 7 7  1 0  
M A N 0 7 7 2 0  
M A N 0 7  7 3 0  
M A N 0 7 7  4 0  
MAN(377  50 
M A N 0 7 7 6 0  
M A N 0 7 1 7 0  
M A N 0 7 7 8 0  
M A N 0 7 7 9 0  
M A N 0 7  800 
M A N 0 7 8  1 0  

MA N O 7  8 30 
M A N 0 7  8 4 0  
M A N 0 7 0 5 0  
M A N 0 7 8 6 0  
M A N 0 7 8 7 0  
MAN078 R O  
MA NO? a90 
M A N 0 7 9 0 0  
M A N 0 7 9  1 0  
MA NO 7 9  ? 0 
M A N 0 ’ 1 9 3 0  
M A N 0 7  9 4  0 
M A N 0 7 9 5 0  
M A N 0 7  960 
MA NO7 9 7 0  
M A N 0 7 9 8 0  
MA NO? 990 
MA NO0000 
M A N 0 8 0  10 
M A N 0 8 0 2 0  
M A N 0 0 0 3 0  
M A N 0 0 0 4 0  

M A N O R 0 6 0  
M A N 0 8 0 7 0  
M A N 0 0 0 0 0  
M A N 0 8 0 9 0  
M A N 0 0  1 0 0  
M A N 0 0  1 1 0  
M A N 0 0  1 2 0  
MAN08 1 3 0  
MANOQ 1 4 0  
M A N 0 0  1 5 0  
M A N 0 0  1 6 0  
M A N 0 8  1 7 0  
M A N 0 8  1 8 0  
M A N 0 8  190 
M A N 0 0  2 0 0  
M A N O R 2  1 0  
M A P 1 0 8 2 2 0  
M A N 0 0  2 3 0  
M A N 0 0  2 4 0  
MANOR 2 5 0  

M A  NO? a 2 0  

M A N O ~ O ~ O  
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0 
LT 
W 
N x N 

3 

z 
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c 
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w m  
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L - 
I- 

(70 
m e  
W F  

a 
ul 

c 
- w 

C Z =  
(32 
C 

a 
W 
b - . .  
C 
W 
LT 
U 

Y . 0  
0-r) - 4 -  
=I-0 
r 4 0  
U N t  

- %  

. .  - 
C e c  
W '  ;? 

W 

5 0  
U U 

LT 
3 
LL i o  

"-p - N m  
- 0  - cc0- Imou 
- a m -  

- 

- .  - - 

r - 
I-r $51 

c c  
c N" 

cri 
W 
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v 
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U 
v) 

? 
u 0 - 

3 
0 

t c  
m s  0 0  

0 -  
c c  

v v v  v u  w u u o  



T i L C :  

.I  1 1 0  

C 
c 
c 
C 

4 6 0  

4 7 0  
4130 

c 
(: 
C 

4 90 
!,00 
!J 1 0  

‘ > Y O  
5:IO 
!I 4 0  

550 
560 

5 7 0 
500 

590 

GOO 

MANO1.L I - O R I R A N  A N C W  J E R S E Y  DCPARTMCNT O F  1 I 2 E A S U R Y  - ti1113 D A T A  C E N T E R  

1 1 - 1  I 
GO 10 4 9 0  

COMI’IJIC P rim G G H E A I L I ~  TIIAN OR EQUAL 
AND L E S S  T I I A N  OR E O U A L  T O  1000.0 

D T 3 = O . D O  
D O  4 0 0  I 3 = 2 . K  
1 I 4 1 ’  1 = o r  1.0 A 1 ( I 3 ) I I I 11: r A 
C A L L  OLGAM( I1 lP I  . G I t I .  I O K )  
111. I 3 = T I  11’ I O L X  2 - O L X X  - X 2 - G 1 It 
i F ( D L r 3 +  i ,68002)  4 8 0 . 4 8 0 . 4 7 0  
I) I 3  = 111 3 1 O E X P  ( O L T  3 ) 
CON 1 I NlJE 
1 3 .  SNGL ( I) 13 ) 
1 ’ 1 1  1 - 1 3 - 1 3  

S C 1  ERROR 1 N D I C A 1 O R  

l l - ( l ’ )  5 0 0 , 5 2 0 , 5 2 0  
1 I- ( A l % S (  I’ ) - 1 . E - 7  ) 
I’ 0 0 
GO 1 0  6 10 
I I ( 1 . I’ j ! > : l o ,  !B’>O, !B‘>f) 

I I  ( A I % S (  l . - l ’ ) -  l . l L - ’ / )  5 4 0 . ! > 4 0 . ( 1 0 0  
I’ I . o  
GO I 0  6 1 0  
I F ( P - I . E - ~ )  560.560.570 
P = O . O  
GO 10 6 1 0  
I f . (  ( I .0- l ’ ) -  1 . E - 8 )  580.500.610 
P = 1 . 0  
G O  1 0  6 1 0  
I E l l =  - I 
D = - l . E 7 5  
P = - l . E 7 5  
G O  T O  620  
I I . R = t  1 
1’; I . E ’ / ! i  
GO 10 620  

!> 1 0 ,  5 10. G O 0  

1 0  4 . 0  

610 1 1:1<=0 
G 2 0  RF I I J R N  

E NU 
c 
C SlJf3RUUT I N E  D L G A M  .. 
I. 
C I’LJRPOS E 
C COMPLITES T I t E  IIOLJRI E P R E C I S I O N  N A T U R A L  L O G A R I T I I M  OF T t i E  
C GAMMA F U N C I  I O N  O r  A G I V C N  OOUDLE I ’ I ? E C I S I [ ) N  A R G U M E N l .  
C 
(: I ISA(;F 
t: C A I  I. I )LGAM(XX, I I I .N( ; .  I l ~ l l )  
C 
c 
C XX - TtIE D O U B L E  P R E C I S I O N  ARGUMENT FOR T I l E  L U G  GAMMA 

I1 C SC I1 I I’ T 1 ON 0 F P A R  A ME T E R S 

MANOII11 10 
M A N 0 0 8 2 0  
M A N 0 0 8 3 0  

M A N 0 8 8 5 0  
M A N 0 8 8 6 0  
M A N 0 8 8 7 0  
M A N 0 8 8 8 0  
M A N 0 8 8 9 0  
M A N 0 8 9 0 0  
M A N 0 8 9  1 0  
M A N 0 8 9  2 0  
M A N 0 8 9 3 0  
M A N 0 8 9 4 0  
M A N 0 8 9 5 0  
M A N 0 8 9 6 0  
M A N 0 8 9 7 0  
MA N O 8  9 8 0  
V \ N O 8 9 9 0  
M A N 0 9 0 0 0  
M A N 0 9 0  1 0  
M A N 0 9 0 2 0  
MA N O 9 0 3 0  
M A N W I O 4 0  
M A N 0 9 0 5 0  
M A N 0 9 0 6 0  
M A N 0 9 0 7 0  
M A N 0 9 0 8 0  
M A N 0 9 0 9 0  
M A N 0 9  1 0 0  
M A N 0 9  1 10 
M A N 0 9  1 2 0  
M A N 0 9  130 
M A N 0 9  1 4 0  
M A N 0 9  1 5 0  
M A N 0 9  160 
M A N 0 9  1 7 0  
M A N 0 9  1 8 0  
M A N 0 9  1 9 0  
M A N 0 9 2 0 0  
M A N 0 9 2  1 0  
M A N 0 9 2  2 0  
M A N 0 9 2 3 0  
M A N 0 9 2 4 0  
M A N 0 9  2 50 
M A N 0 9 2 6 0  
M A N 0 9 2  7 0  
M A N 0 9 2 8 0  
M A N 0 9 2 9 0  
MA N O 9  300 
M A N 0 9 3  10 
MAPI( ,9320 
M A N 0 9 3 3 0  
M A N 0 9 3  4 0  
M A N 0 9 3 5 0  

M A N 0 8 8  4 0  

PAGE 00017 
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C 
c 
C 
C 
C 
c 
(: 

c 
(: 

C 
C 
c 
C 
c 
c 
C 
C 
C (: 

C 
C 
C 
c 
C 
C 

c (: 

C 

c c 

C 

c: 
c 
C 

T I I N C I  I O N .  MA NO9 3 GO 
I)I N(; - .I 111 Kl.!ilIl. I A N 1  l)O11111.1~ l’l<LC I S I O N  I OC. GAMMA T I I N C  I I O N  M A N 0 0 3 7 0  

VAl.lJI: . M A N 0 9 3 0 0  
I L R  - R E S I J L T A N T  Fi?l lOl? CODE WllERE M A  N O 9  3 90 

I I : R =  O - - - - N O  CRKOI?. M A  N O 9  4 00 
I k R = - l - - - - X X  I S  W I l I I I N  1 0 * * ( - 9 )  ( IF I 3 E I N G  ZER[ )  OR X X  M A N 0 9 4 1 0  

I I; NI.<;A I I V E  . I)I N G  I S  51 I 1 0  - 1 . O I ~ ’ 1 5 .  M A 1 4 0 9 1 2 0  
I E H = 4 1 - - - - X X  I S  G R E A l E R  T I I A N  1 0 1 1 7 0 .  D L N G  I S  S E T  T O  M A N 0 9 4 3 0  

t I . 0 1 > 7 5 .  M A N O 9  4 4 0 
M A N 0 9 4 5 0  

R I  M A R K S  M A N 0 9 4 6 0  
N U N 1  M A N 0 9 4 7 0  

M A N 0 9 4 8 0  
Sll l~RO117 I NC S AN11 I - IJNCT I O N  SIJf i I ’ROGRAMS REOIJ I I lFD M A N 0 9 1 9 0  

N O N t  M A N 0 9 5 0 0  
M A N 0 9 5  1 0  
M A N 0 9  5 2 0  

1 I I E  E I J L E R - M C L A I I R I N  E X P A N S I O N  T I1  I I I E  S E V E N T I 1  D E R I V A T I V E  T E R M  M A N 0 9 5 3 0  
M A N 0 9  5 4 0  IS LISCI).  A S  ( i I V I N  I I Y  M .  A U I < A M O W I I L  A N 0  I . A .  STEGIJN.  

‘ I IANI) I3OOK OF M A T I I E M A T I C A I .  F t J N C T I O N S ’  (J. 5. D E P A R T M E N T  OF M A N 0 9 5 5 0  
COMMERCE,  N A T I O N A L .  B U R E A U  OF S T A N D A R A S  A P P L I E D  M A T H E M A T I C S  M A N 0 9 5 6 0  

M A N 0 9 5 7 0  S E R I E S .  1 9 6 6 .  E O I J A I I I I N  6 .  1 . 4 1 .  
M A N 0 9 5 8 0  

. . . . . . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  M A N 0 9 5 9 0  
M A N 0 9 6 0 0  
M A N 0 9 6  1 0  SIII3HOIJ I I NE 
M A N 0 9 6 2 0  l ~ t I l 1 1 1 1  E P R T C I S I I I N  X X . Z L .  T E R M . R Z 2 . D L N G  
M A N 0 9 6 3 0  I I I2 -0 
M A N 0 9 6 4 0  L / = X X  

I F ( X X - l . D l 0 )  2 . 2 . 1  M A N 0 9 6 5 0  
M A N 0 9 6 6 0  
MA NO!) (i 7 0 

S L L  11- X X  IS NLAI.! LLI?O OI.! N L G A I I V E  M A N 0 9 6 8 0  
M A N 0 9 6 9 0  

2 I T ( X X - 1 . D - 9 )  3 . 3 . 4  M A N 0 9 7 0 0  
M b W 0 9 7  1 0  3 1 1 1 ? = - 1  

I11 N(;= - 1 . l)75 M A N 0 9 7 2 0  
GO TO 1 0  M A N 0 9 7 3 0  

M A N 0 3 7 4 0  
M A N 0 9 7  50 
M A N 0 9  7 GO 

4 lEKM=1.DO M A N 0 9 7  7 0  
5 I F ( % Z - l O . I ) O )  C . 6 . 7  M A N 0 9 7  80  
6 T F R M = T E R M * Z Z  M A N 0 9 7 9 0  

Z Z = L L 1  1.00 MA N O 9  800 
GO 10 5 M A N 0 9 8  10 

7 R Z 2 = 1 . 0 0 / Z Z + * 2  M A N 0 9 8  2 0  
M A N 0 9 8  3 0  0 L N G  

+ (  R Z 2 q M A N 0 9 8 4 0  
2 ( . 7 3 3 6 5 0 7 9 3 6 5 0 7 9 3 6 0 - 3  - ( R Z 2 * ( . 5 9 5 2 3 8 0 9 5 2 3 0 0 9 5 2 D - 3 ) ) ) ) ) ) )  M A N 0 9 8 5 0  

GO 10 10 M A N 0 9 8 6 0  
M A N 0 9 8  7 0  
M A N 0 9 8 8 0  
M A N 0 9 8 9 0  

R l ) l N C = Z Z * ( I ) L . D G ( Z Z ) -  ( . D O )  M A N 0 9 9 0 0  

M E 1  I IOD 

OLGAM( X X  ,111 N G ,  I F K )  

I I I  ( X X - 1 . 1 ) 7 0 )  0 . 9 . 9  

XX ( ; I < C A I E I l  . I I I A N  7rRO ANI) I f:SS T I I A N  OR COlJAl. T O  1 . D I  1 0  

= ( Z Z - 0 .500  ) * I) L OG ( I Z ) - Z 2 i 0 . 9  1 8 9 38 5 3 3 2 0 1  6 7 2 7 -0 L O G  ( T E RM ) + 
1 ( 1 .  I > O / Z Z )  ( , 8 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 O -  1 - ( R 2 2  + ( , 2 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 D - 2  

X X  G R E A I E K  1 l l A N  1 .I)I 10 A N D  L E S S  1 I I A N  1 . l ) l ’?O 

I 

s, 
CD 

I 
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C 
C 
c 

C 
C .  
C 
C 
c 
(: 
c 
C 
C c 

c (: 

C 
C 
C 

C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C .  
C 

C 

GO 10 10 M A N 0 9 9  10 
M A N 0 9 9 2 0  

X X  G R E A I E R  T H A N  OR EOlJAI. 111 1 . D t 7 0  M A N 0 9 9 3 0  
M A N 0 9 9  4 0 

9 II-I?=lI MA N O 9  9 50  
Ill N G =  I . 1175 M A E 1 0 9 9 6 0  

1 0  RI.  IUI-!N M A N 0 9 9 7 0  
c ND M A N 0 9 9 8 0  

M A N 0 9 9 9 0  
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  M A N 1 0 0 0 0  

M A N  100 1 0  
S U U U O U  1 I N E  ND I R  M A N  1 0 0 2 0  

M A N  M A N  1 0 0 3 0  1 0 0 4 0  
l’lll~l’~l!;l 

( : I )MI ’UICS Y = I ’ ( X )  = f ’ I1OUAI3I l . I  I Y  11181 Ill[. I1ANI)OM V A R I A U L L  I J . M A N 1 0 0 5 0  
M A N  10060 O I S l R I O I J T E D  N O R M A L L Y ( 0 .  1 ) ,  IS L E S S  T I I A N  OH E O U A L  T O  X .  

T ( X ) ,  T I I E  O R D I N A F k  Of: 1 I IE  N O R M A L  D E N S I T Y  A T  X .  I S  A L S O  M A N  1 0 0 7 0  
COMPUI ’ED.  M A N  to080 

M A N  10090 
M A N  10 1 0 0  11SAT.E -~ 

C A L L  N D T R ( X . P . D )  

LITSCR I I’T I O N  OF f ’ A R A M F l E R S  
X - - I N P U r  S C A L A R  FOR W H I C I I  P I X )  I S  C O M P U T E D .  
I ’ - -O IJTP lJT  P l l O l l A f 3 1 L I l Y .  
o--ouii’ur DENSITY. 

REMARK‘; 
M A X I M U M  ERROR I S  0.0000007. 

S U U I I O l J l  I N E S  AND SUI jPROGRAMS R E O U I U E D  
N O N E  

ML I I IOD 
RASl:O O N  A P P R O X l M A I I D N S  I N  C .  I I A S T I N G S .  A P P R O X I M A T I O N S  FOR 
D I G I T A L  COMI’UTERS. P R I N C E T O N  U N I V .  P R E S S ,  P R I N C E T O N ,  N . J . ,  
1 9 5 5 .  SEE E Q U A T I O N  2G.2.17. I I A N D B O O K  OF M A T I i E M A T I C A L  

D O V E R  P l J D L I C A r I O N S .  I N C . .  
NLW YORK 
r k J N C T I O N S .  A U R A M O W I T 7  A N D  S T E G U N .  

. . . . . . . . . . .  . . . . _ _ . . . . . . . . . . . . . . .  
SIJDROU I’ I N E  ND I H ( X  , P I  D ) 

1 . 0 2 1 2  

. . . . . . . . . . . . . . . . . . .  

t 1 . 7 0 1 4 7 0 ) + T  - 

. . .  

M A N 1 0 1  10 
M A N 1 0 1 2 0  
M A N  1 0  1 3 0  
M A N  10 1 4 0  
M A N  1 0  1 5 0  
M A N  10 160 
M A N  1 0 1  7 0  
M A N  1 0 1 8 0  
M A N  10 1 9 0  
M A N  10200 
M A N  102 10 
M A N  10220 
M A N 1 0 2 3 0  
M A N  10240 
M A N  1 0 2 5 0  
M A N  10260 
MAN 10210 
M A N  10280 
M A N  10290 
M A N 1 0 3 0 0  

. M A N  103 10 
M A N  10320 
M A N 1 0 3 3 0  
M A N 1 0 3 4 0  
M A N  1 0 3 5 0  
M A N  10360 
MAPI 1 0 3 7 0  
M A N  10380 
M A N  1 0 3 9 0  
M A N  1 0 4 0 0  
M A N 1 0 4  1 0  
M A N 1 0 4 2 0  
M A N  l ( ~ 4 3 0  
M A N  1 0 4 4 0  
M A N  I 0 4 5 0  
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I 

2 

3 

A 

5 

G 
100 

7 
2 00 

n 
300 

1 

2 

I F ( M O l ) E . N E .  1 )  GO T f l  3 

I I: ( A H  S ( 1 ) . G T . ( 70. - F L O  A T ( NL) F ) / 4 .  ) ) 
A l < C A = A r ( N D F  .I) 
I l C l l l R N  

A W ) = A l  (!lo, 1 ) 

I I- (Nor .GI: . 200) GO .r o I 
GO TO 2 

i i - ( N i w . ( x .  1000) Gr) ro  2 

A I O O = A ~ (  1 0 0 . ~ )  
A l ~ ~ A ~ A 1 ~ 0 - 9 0 0 . * ( ~ 3 0 - A 1 0 0 ) ~ ( . 0 1 ~ 1 . / N D F )  
A R C A = A M A X l ( O .  . A M I N ( (  1 .  , A R E A ) )  
R E T U R N  
A R E A = A Z (  I ) 
R T T I I R N  
I F ( M ( l O l ~ . N E . 2 )  GO T O  7 
l r ( ( A R t ~ A . L T . O . O 0 0 l ) . O R . ( A f ~ E A . G T . O . 3 9 9 ~ ) )  GO T O  8 
I T ( N O F . G E . 2 0 0 )  G(1 TO 4 
1 = 1 A ( N O T ,  A R E A  ) 
I?L  IIII<N 
A = A M A X l ( A I I E A . (  I .  - A I ? C A ) )  
1 I ~ ( ( A . L E . 0 . 9 9 ) . A N C ~ . ( N D F . G E . 1 0 0 0 ) )  GO T O  5 
I I ( ( A .  I. E . 0 ,999 ) . A N D .  ( NOF . GC ,5000 ) 
I 9 0 =  I A ( 9 0 . A R I i A )  
1 lUO=lA( I O O . A R E A )  
1 = I 100 - 900. 0 ( I 3 0  - T 100 ) * ( . 0 1 - 1 . /NDF ) 
 ill^ I IJIZN 
l = ? A ( A R E A )  
121. I III2N 
W R I l E ( G .  100) 
F O R M A I ( ' O ' . ' O E G R E E S  O F  FREEDOM I S  L E S S  T I I A N  ONE I N  S U B R O U T I N E  

s1 01 '  

GO T O  5 

8 ' I 1  Al3L E ' ) 

W H I ~ E ( G . Z O O )  
FORMAT(  ' O ' . ' M O l ) E  OF O P E R A r I O N  I S  NOT S P E C I F I E D  CORRECTLY I N  ' .  

g ' s u w w u r ~ ~ ~  . r r A u L E '  ) 
S l  or 
w r2 I 1 c ( c ,300 ) 
F O R M A I ( ' O ' . ' A R E A  I S  O U F S l D E  L I M I T S  OF 0.0001 - 0.9999 I N  ' .  

s 101' 
END 
F U N C T I O N  A T ( N D F . 1 )  
D A l A  P I / 3 .  1413!33/ 
X = A  T A N (  T /SORT ( F L O A T  ( NOF ) ) ) 

l r ( ( N l l F / 2 ) * 2 . E O . N I ) I : )  GO T O  1 
K -  1 
SLIM - 0 .  
l f ~ ~ N l l ~ . F O . l ~  GO 7 0  4 
51 IM = CO SX 

GO 1 0  2 
K = O  
SLIM= I .  
I I  (NI) I  . C ( J . 2 )  GO I ( 1  4 
co1.1- = 1 . 

B ' S U O R O U l  I N E  T T A B L E '  ) 

cosx=cos(x) 

I ~ - ( N I I ~ . E ~ . ~ )  GO r(i 4 

M A N  10460 
M A N 1 0 4 7 0  

M A N 1 0 4 9 0  
M A N  I0500 
M A N  105 10 
M n N  1 0 5 2 0  
M A N 1 0 5 3 0  
M A N  1 0 5 4 0  
M A N  1 0 5 5 0  
M A N  1 0 5 6 0  
M A N  1 0 5 7 0  
M A N  1 0 5 8 0  
M A N  10590 
M A N  l O G 0 0  
M A N  1 0 6  1 0  
M A N  I 0 6 2 0  
M A N  10630 
M A N  1 0 6 4 0  
M A N  1 0 6 5 0  
M A N 1 0 6 6 0  
M A N  10670 
M A N  10680 
M A N 1 0 6 9 0  
M A N  1 0 7 0 0  
M A N 1 0 7  1 0  
M A N  1 0 7  7 0 
M A N 1 0 7 3 0  
M A N 1 0 7 4 0  
M A N 1 0 7 5 0  
M A N 1 0 7 6 0  
M A N  1 0 7  7 0  
M A N 1 0 7 8 0  
M A N 1 0 7 9 0  
M A N 1 0 8 0 0  
M A N  108 10 
M A N  10820 
M A N 1 0 8 3 0  
M A N  1 0 8 4 0  
M A N  I0850 
M A N  10860 
M A N  1 0 8 7 0  

M A N  10890 
M A N  1 0 9 0 0  
MAN 1 0 9  1 0  
M A N  I0920 
M A N  1 0 9 3 0  
MAN 1 0 9 4 0  
M A N  1 0 9 5 0  
M A N  I0960 
MAN I0970  
MAE1 1 0 9 8 0  
MAN I0930 
MAN 1 1 0 0 0  

M A N  10480 

MAN ioaao 

1 

cn 
0 

1 



- 51 - 

N 
0 
0 
0 

c 
1 
- - 

W 
-I 
m \ 
C m 
+ 0 
I- N 

r. 
w m 

0 t 

- 
N * \ 

Q 
m 
r. 

U 
n 
? N 

0 
P ci 

\ - 
X 

- \ 

N 
(7 

m m c 
0 5 
0 0  

N 

\ - 
(7 
U X + 

i 

z 

- 
Y 

\ z N 
3 m 
I 

> 
C \ 

(7 
In 
c X 

- c 
C \ 
J u + 

N 

L? 
3 

0 3  
0 

3 0  - 0 0  - " 0; 

3 

z 
-1 

w 

? . .  Z>N 
r \  - c c  
c r. 
v c -  c z - z  

2 3 4  3 
W L ^ ' J  

d 

N 



i l L E  

1 

2 

3 
100 

4 
200 

5 
300 

MANUI. L 

I. NII 
SUHIIOIJ 
I > IMI :NS 
1 ~ ( 1 l 1 1 1 1  1- 

I O I I I I I A N  A NLW J E I I S C Y  D E P A R T M E N I  OF T R E A S U R Y  

I N E  S 1  A 1  ( A ,  N. AVG.  S T D V ,  A M I N ,  A M A X ,  SKEW.  C l J H l  ) 
O N  A ( N )  
I ' I I I C I S I O N  A l .  112. 1 1 3 .  [ I d ,  [ ) I  

I I ~ ( N . l . 1 .  I )  (XI 10 3 

A M I N = A  I 
A M A X = A  1 
A V G = A  I 
s I D V  50. 
SKEW.0. 
C I I R  I =O. 

SIJM = 0 . 
I)O 1 I = l . N  
A I = A (  I )  

I 1  ( A 1  . G 1  . A M A X )  A M A X = A I  
SUM-  SlJM 4 A I 

I I ? = 0 . 
1):J 10. 
0.1 =o.  
[)(I 2 I = 1 , N 
I ) I = A (  1 ) - A V G  
1 1 ? = 1 ~ 2 1 [ > 1  * + 2  
r l : l = l ) 3 l l ) l *  *3 

A ~ = A (  I )  

I I ( N . I . ~ . z )  rbii 1 0  4 

~ ~ ( A ~ . L T . A M ~ N )  AMIN=AI 

AVG=SUM/N 

S O N .  SUM 

IiUB D A T A  C E N T E R  

M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  
M A N  

1560 
1570 
1580 
1590 
I GOO 
16 10 
1620 
1670 
1610 
1650 
1660 
1670 
1680 
1690 
1700 
17 10 
1720 
1730 
1740 
1750 
1760 

. . .. . . . 
WRllE(6. 100) 
F O R M A T ( ' O ' . ' N  IS L E S S  T I I A N  ONE I N  S l J B R O U T I N E  S T A T ' )  
Slfll' 
W I I I  11- ( 6 ,  ?00) 
l ~ l R M A l ( ' O ' . ' * * * W A l ~ N I N C 1 1 I ' . / . 1 X . ' N  E Q U A L S  ONE I N  S U B R O U T I N E  S r A T ' . M A N 1 1 9 4 0  

* / 3 1 X . ' S T A N O A R D  O E V l A r I O N .  S K E W ,  A N D  K U H l O S I S  A R E  I N U E T E R M I N A T E ' )  M A N 1 1 9 5 0  
U I ' l  I I R N  M A N  1 1960 

M A N  1 1770 
M A N  1 1780 
M A N  1 1790 
M A N  1 1800 
M A N 1  1810 
M A N  1 1820 
M A N  I 1830 
M A N  1 1 840 
M A N 1  1850 
M A N  1 1860 
M A N  1 1870 
M A N  1 1880 
M A N  1 1890 
M A N  1 1900 
M l r N 1 1 9  10 
M A N  1 1920 
M A N  1 1 9 3 0  

,.. ..,.,._ 
W R I  1 C ( G ,  300) M A N 1  1970 
TORMAT('O'.'**.WARNING*~*'./.1X.'STANOARD D E V I A T I O N  IS Z E R O  I N  ' .  M A N 1 1 9 8 0  

* ' S t J I I R O l I r I N F :  S T A r ' , / .  1 X . ' S K C W  A N D  K U R l O S I S  C O E F F I C I E N T S  A R E  ' .  M A N 1  1990 
0 ' 1 N I ) E T I . R M I N A T C '  ) M A N  12000 

It1 I I I H N  M A N  130 10 
L NU M A N  1 2 0 2 0  

PAGE 00022 


